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Preface to the Second Edition 


It’s high time that there was a second edition of Winning Ways. 

Largely as a result of the first edition, and of John Conway’s On Numbers and Games , 
which we are glad to say is also reappearing, the subject of combinatorial games has burgeoned 
into a vast area, bringing together artificial intelligence experts, combinatorists, and computer 
scientists, as well as practitioners and theoreticians of particular games such as Go, Chess, 
Amazons and Konane: games much more interesting to play than the simple examples that 
we needed to introduce our theory. 

Just as the subject of combinatorics was slow to be accepted by many “serious” mathemati- 
cians, so, even more slowly, is that of combinatorial games. But now it has achieved consid- 
erable maturity and is giving rise to an extensive literature, documented by Aviezri Fraenkel 
and exemplified by the book Mathematical Go: Chilling Gets the Last Point by Berlekamp 
and Wolfe. Games are fun to play and it’s more fun the better you are at playing them. 

The subject has become too big for us to do it justice even in the four- volume work that we 
now offer. So we’ve contented ourselves with a minimum of necessary changes to the original 
text (we are proud that our first formulations have so well withstood the test of time), with 
additions to the Extras at the ends of the chapters, and with the insertion of many references 
to guide the more serious student to further reading. And we’ve corrected some of the one 
hundred and sixty-three mistakes. 

We are delighted that Alice and Klaus Peters have agreed to publish this second edition. 
Their great experience, and their competent and cooperative staff, notably Sarah Gillis and 
Kathryn Maier, have been invaluable assets during its production. And of course we are 
indebted to the rapidly growing band of people interested in the subject. If we mention one 
name we should mention a hundred; browse through the Index and the References at the end of 
each chapter. As a start, try Games of No Chance, the book of the workshop that we organized 
a few years ago, and look out for its successor, More Games of No Chance , documenting the 
workshop that took place earlier this year. 

Elwyn Berlekamp, University of California, Berkeley 

John Conway, Princeton University 

Richard Guy, The University of Calgary, Canada 


November 3, 2000 



Preface 


Does a book need a Preface? What more, after fifteen years of toil, do three talented authors 
have to add. We can reassure the bookstore browser, “Yes, this is just the book you want!” 
We can direct you, if you want to know quickly what’s in the book, to the last pages of this 
preliminary material. This in turn directs you to Volume 1, Volume 2, Volume 3 and Volume 4. 

We can supply the reviewer, faced with the task of ploughing through nearly a thousand 
information-packed pages, with some pithy criticisms by indicating the horns of the polylemma 
the book finds itself on. It is not an encyclopedia. It is encyclopedic, but there are still 
too many games missing for it to claim to be complete. It is not a book on recreational 
mathematics because there’s too much serious mathematics in it. On the other hand, for us, as 
for our predecessors Rouse Ball, Dudeney, Martin Gardner, Kraitchik, Sam Loyd, Lucas, Tom 
O’Beirne and Fred. Schuh, mathematics itself is a recreation. It is not an undergraduate text, 
since the exercises are not set out in an orderly fashion, with the easy ones at the beginning. 
They are there though, and with the hundred and sixty-three mistakes we’ve left in, provide 
plenty of opportunity for reader participation. So don’t just stand back and admire it, work 
of art though it is. It is not a graduate text, since it’s too expensive and contains far more 
than any graduate student can be expected to learn. But it does carry you to the frontiers of 
research in combinatorial game theory and the many unsolved problems will stimulate further 
discoveries. 

We thank Patrick Browne for our title. This exercised us for quite a time. One morning, 
while walking to the university, John and Richard came up with “Whose game?” but realized 
they couldn’t spell it (there are three tooze in English) so it became a one-line joke on line 
one of the text. There isn’t room to explain all the jokes, not even the fifty-nine private ones 
(each of our birthdays appears more than once in the book). 

Omar started as a joke, but soon materialized as Kimberley King. Louise Guy also helped 
with proof-reading, but her greater contribution was the hospitality which enabled the three 
of us to work together on several occasions. Louise also did technical typing after many drafts 
had been made by Karen McDermid and Betty Teare. 

Our thanks for many contributions to content may be measured by the number of names 
in the index. To do real justice would take too much space. Here’s an abridged fist of helpers: 
Richard Austin, Clive Bach, John Beasley, Aviezri Fraenkel, David Fremlin, Solomon Golomb, 
Steve Grantham, Mike Guy, Dean Hickerson, Hendrik Lenstra, Richard Nowakowski, Anne 
Scott, David Seal, John Selfridge, Cedric Smith and Steve Tschantz. 





Preface 


No small part of the reason for the assured success of the book is owed to the well-informed 
and sympathetic guidance of Len Cegielka and the willingness of the staff of Academic Press 
and of Page Bros, to adapt to the idiosyncrasies of the authors, who grasped every opportunity 
to modify grammar, strain semantics, pervert punctuation, alter orthography, tamper with 
traditional typography and commit outrageous puns and inside jokes. 

Thanks also to the Isaak Walton Killam Foundation for Richard’s Resident Fellowship 
at The University of Calgary during the compilation of a critical draft, and to the National 
(Science & Engineering) Research Council of Canada for a grant which enabled Elwyn and 
John to visit him more frequently than our widely scattered habitats would normally allow. 

And thank you, Simon! 

University of California, Berkeley, CA 94 720 Elwyn Berlekamp 

University of Cambridge, England, CB2 1SB John H. Conway 

University of Calgary, Canada, T2N 1N4 Richard Guy 

November 1981 






Change of Heart! 


New styles of architecture, a change of heart. 

Wystan Hugh Auden, Sir, no man’s enemy. 

I have heard her declare, under the rose, that Hearts was her favourite suit. 
Charles Lamb, Essays of Elia , Mrs. Battle's Opinions on Whist. 


So far our compound games have been played by two players who move alternately in just 
one component at a time, and the rules have ensured that they always end, the last player 
to move being the winner. Now for a change of heart, let’s see what happens when we break 
some of these rules. 

In Chapter 9, you must move in every component, and in Chapter 10, you can move in 
whatever components you like. 

In Chapter 11, there are some partizan games with infinitely many positions, and some 
other loopy games in which play might continue forever. 

Chapter 12 deals with the rather different theory of impartial loopy games, and with 
some other modifications of the impartial theory, which might allow a player to make several 
consecutive moves. 

Chapter 13 gives the theory of impartial games when the last player is declared to be the 
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If You Can’t Beat ’Em, Join ’Em! 


Remote from towns he ran his godly race, 

Oliver Goldsmith, The Deserted Village, 1. 143. 

This suspense is terrible. I hope it will last. 

Oscar Wilde, The Importance of Being Earnest, III. 

All the King's Horses 

In sums of games it is a move in just one part that counts as a move in the sum. Now we 
consider the join of several games in which we must move in every part. 



Figure 1 . How Horses Head for Home. 
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Chapter 9. If You Can't Beat 'Em. Join 'Em! 




We shall play our first few games on the 8 by 8 chessboard illustrated in Fig. 1 with a 
number of horses. As his move, Left must move every horse he can two places West and one 
place North or South; Right, for his part, must move every horse he can two places North and 
one place East or West, as in Fig. 1. So the horses move rather like knights in Chess, but there 
are several differences. Each player is limited to just 2 of the possibly 8 directions a knight 
can move in; there may be arbitrarily many horses on the same square; and the same horse 
is moved by both players (the horses belong to the King, not to Left or Right). Compare the 
White Knight in Chapter 3. 

A player will be unable to move in the game if there is any one horse which he can’t move. 
According to the normal play rule he would then lose, but in this chapter we shall also give 
equal treatment to the misere play rule under which he would win. 

We Can Join Any Games 

Our game can be regarded as made by joining together a number of one-horse games. In fact 
any games 

G, H, K, ... 

can be played simultaneously like this to obtain a compound game 

G A H A K A . . . (“G and H and K and . . .”) 

called the conjunctive compound by Smith and in ONAG, but here, for short, their join. 
To move in the compound game you must make a move legal for you in every one of the 
component games 

G, H, K, ... 

rather than in just one, as in the sum or disjunctive compound. If you cannot do so you lose 
in normal play, but win in misere play. 

How Remote Is a Horse? 

Everything depends on the first horse to finish, for this stops the whole game. (In this game a 
horse finishes when the player whose turn it is cannot move him.) If one horse — the favorite — 
seems nearer to finishing than the others you should treat it with particular care. Move it so 
as to win quickly if you can, and otherwise so as to postpone defeat as long as possible in the 
hope of bringing up a more favorable horse to finish first — in short: 


\Y '®i», 0» icU ^ ! i 




How Remote Is a Horse? 279 

The maxim holds for joins of any games. When we know who starts, a game played in this 
way lasts for a perfectly definite number of moves which C.A.B. Smith has called its Steinhaus 
function or remoteness. 

We use the term left remoteness when Left starts, and right remoteness when Right 
starts. Since the turns alternate, we need only consider the Right remotenesses of Left’s options 
and the left remotenesses of Right’s. You should try to leave an even remoteness (as small as 
possible) for your opponent, so as to ensure that when the remoteness is reduced to zero it 
will be his turn to move. This is because (in normal play) 


P-positions have even remoteness 
Appositions have odd remoteness 


So remotenesses can be worked out by the rules: 


For the left remoteness of G in 
normal play, take 

1 more than the LEAST EVEN right remoteness 
of any G L which has even right remoteness, 
otherwise 

1 more than the GREATEST ODD right remoteness 
if all G l have odd right remoteness, 
and finally 

0, if G has no left option. 


Or, more concisely: 


FOR NORMAL PLAY 
Use 

1 + LEAST EVEN 
if possible, 

1 + GREATEST ODD 
ZERO 

if you’ve no option. 


To find the right remoteness, use the left remotenesses of the right options, G R , but still 
prefer LEAST EVEN else GREATEST ODD. 






280 




Chapter 9. 

If You Can't Beat 'Em. Join 'Em! 






Rl Rr (normal play) 






R~ l R 

n (misere 

play) 
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(a) First horse stuck loses. 




(b) First horse stuck w 
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R + L R + n (normal with pass) 





R~ l R , 

t (misere with pass) 
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(c) First horse home w 

** 




(d) First horse home loses. 




R + (normal impartial) 
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misere impartial) 
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(x) First horse home w 
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(y) First horse home loses. 






Table 1 

. How Remote Are All the Horses? (A=10, B 

=11, C=12.) 













What If the First Horse to Get Stuck Wins? 
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Table 1(a) gives the left and right remotenesses (in normal play) for horses in every possible 
position. See how a 0 on the left side corresponds to a position from which Left cannot move. 
Figure 2 illustrates a case with larger remotenesses. Here Left’s two options have (right) 
remotenesses 0 and 1; of these he prefers the only even number, 0, and adds 1 to obtain 1. 
Right’s two options have (left) remoteness 1 (not much choice!) and he adds 1 to obtain 2. 


What If the First Horse to Get Stuck Wins? 

In the misere play version, winner and loser are interchanged and so the players will prefer 
to move to odd rather than even. The rule for computing the misere play remotenesses is 
therefore, in condensed form: 


FOR MISERE PLAY 
Use 

1 + LEAST ODD 
if possible, 

1 + GREATEST EVEN 
if not, or 
ZERO 

if you’ve no option. 


Table 1(b) gives the misere play remotenesses for our game. 

Since, in either case, a join of games finishes when its first component does, its remoteness 
(of any kind) is the least remoteness (of the same kind) of any of the components: 
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Rt(GAHA.. 

.) = min (R+(G),R+(H),...), 

R r {G AH A . . 

.) = min (R+(G),R+(H),...), 

Rl(GAHA.. 

.) = min (R- l (G),R- l (H),...), 

R r {GaH A.. 

.) = min (R r (G),R r (H),...). 


In this and similar contexts we use: 

L for Left starting, 
R for Right starting, 
+ for normal play, 
— for misere play. 


To win, move to a position for which 
your opponent ’s remoteness is 
EVEN in NORMAL play, 

ODD in MISERE play. 


Let’s see who wins 



in MISERE play. 

The left remotenesses of the two horses are 10 and 11 (A and B) so the left remoteness 
of the position as a whole is the least of these, 10. Since this is even, Left has a good move 
which changes this to the ODD number 9, but the right remotenesses of these horses are 12 
and 11 (C and B), minimum 11, and so from this position Right has no good move. Left’s 
favorite horse is the left one, but Right’s is the right one, even though this seems further from 
finishing. 
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A Slightly Slower Join 

We can get a more interesting game by changing the rules slightly. If one player cannot move 
some horse which the opponent could, we may allow him to make a pass move for that horse, 
but he must still make proper moves with all the horses he can. The game will now end as 
soon as the first horse reaches home, the top left 2 by 2 square, since then neither player 
can move this horse and passes are not allowed. The normal and misere remotenesses for 
this version are shown in Tables 1(c) and (d). They are calculated in exactly the same way, 
but taking account of the new pass moves. For the position whose misere remotenesses are 
being computed in Fig. 3, Left has a proper move to a position of right remoteness 3, so his 
remoteness is 1 + 3 = 4. Right has no proper move, but has a pass move to the same position 
with Left to move, so his remoteness is 1 + 4 = 5. 



Moving Horses Impartially 

As a further variant, we may make moves in all the four directions of Fig. 1 legal for both 
players, so that the game becomes an impartial one, and there is no difference between the 
left and right remotenesses of any position. 

In Tables l(x) and l(y) for the normal and misere versions there is therefore only one digit 
in each square. 

For this game, the horse that seems to be ahead in 
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really is the favorite in normal play (remoteness 4 against two 5s), but the two trailing ones 
are joint favorites in misere play (remotenesses 6 as against 7). 

All these games may be played on any size of board, or even on a quarter-infinite one. 
Table 5 (in the Extras) gives remotenesses for this latter case. 

Cutting Every Cake 

The game of Cutcake has a conjunctive version, Cutcakes, played with the same equipment 
(see Fig. 3 of Chapter 2), in which Lefty must make a vertical cut (or Rita a horizontal one), 
along a scored line, in every piece of cake. So the first player to produce the kind of strip in 
which his opponent has no legal move, wins in normal play, loses in misere. Tables 2(a) and 
2(b) give the remotenesses, and Fig. 4 indicates how they were calculated. 


1 25 + 56789 



Figure 4. Lefty and Rita Ponder a 4 by 8 Cake. 


In another version (Tables 2(c) and 2(d)) a player who cannot cut a particular piece of 
cake may pass over that piece provided his opponent can still cut it. The game ends when the 
first 1 by 1 cake appears, for this admits no cut by either player. So for a horizontal strip, 
which cannot be cut by Rita, her remoteness is one more than Lefty’s. 

In impartial Cutcakes (Tables 2(x) and 2(y)) the players must cut all the cakes, but each 
may do so in either direction. 

In some of these tables we have “writ large” some remotenesses which are the same for the 
whole blocks of entries. 



Cutting Every Cake 


R[ Rj, (normal play). 
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l 


32-*- 
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44 

54 — 
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(a) First appropriate strip wins. 


Rl R* (normal with pass). 


22 i’2 *- 

| 44 54 — ► 

45 

ill 66 


(c) First 1 x 1 cake wins. 
R + (normal impartial). 



R, R r (misere play). 

i" — • 


22 


(b) First appropriate strip loses. 
R l R h (misere with pass). 
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SF 


(d) First I x I cake loses. 
R (misere impartial). 



Table 2. How Long It Takes to Cut Our Cakes. 
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Eatcakes 

Remoteness tables for Eatcakes, a variant game which is more natural as a slow join (see 
later), are given in the Extras (Table 7). 


When to Put Your Money on the Last Horse 

In our next variation of All the King’s Horses, an apparently trivial modification of the rules 
produces a dramatic change in tactics. Last time we allowed you to pass for a horse you 
couldn’t move only if your opponent could still move that horse. Now we allow you to pass 
provided that there is any horse that one of you can still move, and the game only ends when 
all the horses reach home. In normal play whoever takes the last horse home is the winner; he 
is of course the loser in misere play. 

In this game the race is not to the swift — it is the horse likely to be the last in the race 
(the outsider) who must be moved with special care. If you think that you can win with him 
you should try to win slowly, lest your opponent hold back another horse to make the race 
finish in his favor. On the other hand if the outsider looks like he’s losing for you, take him 
home quickly and hope to leave some more promising laggard on the course. 


Slow Horses Join the Also-Rans 

Our game exemplifies a new way of joining several games, 

G, H, K, ... 

to produce a compound, 

GAifAKA . . . (“G also H also K also . . .”) 

called the continued conjunctive compound in ON AG, and here, the slow join. Our previous 
kind of join may be called the rapid join when we need to avoid confusion. In the slow join of 
a number of games a player must move in every component he can, and the game ends only 
when he cannot move anywhere. 

The best tactics are a travesty of those for the rapid join - move slowly when you’re 
winning, quickly when you’re losing ! The winner is anxious to savor his inexorable superiority 
for as long as possible, while the loser wants to get it over with, but quick! Given who starts, 
a game lasts, when played according to these cat and mouse tactics, for a perfectly definite 
number of moves, called the suspense number. 

We find these suspense numbers by a parody of the remoteness rules: 





Slow Horses Join the Also-Rans 


287 


For the left suspense of G in 
normal play, take 

1 more than the GREATEST EVEN right suspense 
of any G L which has even right suspense, 
otherwise 

1 more than the LEAST ODD right suspense 
if all G l have odd right suspense, 
and finally 

0, if G has no left option. 


FOR NORMAL PLAY 
Use 

1 + GREATEST EVEN 
if possible, 

1 + LEAST ODD 
if not, or 
ZERO 

if you’ve no option. 

And similarly: 

FOR MISERE PLAY 
Use 

1 + GREATEST ODD 
if possible, 

1 + LEAST EVEN 
if not, or 
ZERO 

if you’ve no option. 


A handy maxim covering both cases is: 








288 Chapter 9. If You Can't Beat 'Em. Join ‘Em! ( v > 

Since a slow join finishes only when its last component does, its suspense number (of any 
kind) is the greatest suspense number (of the same kind) of any of the components: 


St(GAHA.. 

,)=ma x{St(G),St(H),...), 

S R (GAHA . . 

,) = ma x(S£(G),S£(H),...), 

Si (G AH A . . 

■)=ma x(S£(G),Sl(H),...), 

Sl(GAHA . . 

.)=ma x(S*(G),S*(//),...). 
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(a) Last horse home 





S + (normal impartial) 
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(x) Last horse home wins. 
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b) Last horse home loses. 
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(y) Last horse home loses. 


Table 3. The Suspense of Slow Horse Racing. 
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Compare the two theories: 


RAPID 


SLOW 

REMOTENESS 

as against 

SUSPENSE 

MINIMUM 

MAXIMUM 

(favorite) 


(outsider) 


Tables 3(a) to 3(y) give suspense numbers for the four versions of All the King’s Horses in 
which the last horse determines the race. 

Tables 3(a) and 3(b) are for the normal and misere version we have already described in 
which you may make a pass move for any horse you cannot move properly. 

Tables 3(x) and 3(y) are for the impartial versions of the game, when left and right suspense 
numbers coincide. 

Let Them Eat Cake 

Sometimes the way we play a game makes a rapid join more sensible than a slow one, or vice 
versa. For Cutcakes the rapid join was more natural; when we eat our cake it is less so. Tables 
6 and 7, showing suspense numbers for Cutcakes and remotenesses for Eatcakes, have therefore 
been relegated to the Extras of this chapter. 

In Eatcakes Lefty must eat away a vertical, or Rita a horizontal, strip of width 1 from 
eveiy cake which is still on the table. This move will separate the cake into two pieces unless 
the eaten strip was along an edge. The last mouthful wins in normal play, loses in misere play. 
The disjunctive version of this game (due to Jim Bynum) was called Eatcake in Chapter 8. 

Once again each cake defines a component game, but the whole game does not end when 
a cake is completely consumed, since nobody can see it any more. You don’t have to eat a 
cake that isn’t there! So the join is automatically a slow one — the normal and misere suspense 
numbers appear in Tables 4(a) and 4(b), and suspense numbers for the impartial version, in 
which the players eat strips in either direction, are displayed in Tables 4(x) and 4(y). For the 
impartial games the rows are ultimately periodic. Rows 0 through 9 of Table 4(x) have periods 
dividing 16, while for rows 0 through 4 of Table 4(y) the periods divide 18. In each case the 
first 20 entries contain a full period. 
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Table 4(a). Gating Cakes Normally (S^Sr). 
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Table 4(b). Eating Cakes Miserably (S L S R ). (A=10.) 
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(x) Normal Play (S + ). 
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Tables 4(x) and 4(y). Eating Cakes Impartially. 










Extras 


All the King’s Horses on a Quarter- Infinite Board 

Table 1 gave remotenesses of horses on an ordinary chessboard. Some of the values near the 
lower and right edges of the board are affected by the horse’s inability to jump off the board. 
Table 5 shows the values when there are no lower and right edges; the patterns indicated by 
the lines continue indefinitely both downwards and to the right. That in Table 5(d) is hardest 
to see; the rows and columns have ultimate period 4 and saltus 4, but the character of the 
first, second and every third is different from that of the others. 

You might like to work out corresponding tables for the suspense numbers. It’s most 
sensible to allow a player to pass for a given horse when he can’t move it, but his opponent can. 

Cutting Your Cakes and Eating Them 

Tables 6(a) and 6(b) give the normal and misere suspense numbers for the partizan game of 
Cutcakes, in which the rule is to cut every cake you can, so the game only ends when the cake 
is completely cut up. This implies that you make a pass move for a cake when you can’t cut 
it, but your opponent can. Tables 6(x) and 6(y) are for the impartial version in which each 
player may cut in either direction. 

Suspense numbers for Eatcake were given at the end of the chapter. Table 7 gives the 
corresponding remotenesses which are appropriate for the versions in which the game ends 
when the first strip (1 by n or n by 1 cake) is eaten. Table 7(y) for R~ (misere impartial) is 
not shown; you can find it by adding 1 to all the entries in Table 7(x), except the one for a 1 
by 1 cake. That is R~( 1, 1) = J2 + (l, 1) = 1; otherwise R~ = R + + 1. 
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Cutting Your Cakes and Eating Them 
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V 


Cut every cake you can (i.e. “with 
pass” ); the game ends when the cake 
is all in 1 x 1 bits, (a) last cut wins, 
(b) last cut loses. 
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Table 6. Suspense Numbers for Normal, Misere and Impartial Cutcakes. (A=10, B=ll, 0=12, . . .) 
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Table 7(x). Impartial Remotenesses for Eatcakes. 

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 


11 11 
; 13 13 : 
; 13 13 : 
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Hot Battles Followed by Cold Wars 

And through the heat of conflict, keeps the law 
William Wordsworth, Character of the Happy Warrior. 

When the rules of a compound game allow you to move in any desired number of component 
subgames, we get what has been called a selective compound: we shall call it the union. 
If there are any hot components about, both players will naturally move in all of them, and 
they would like this part of the game to last as long as possible. When all components are 
cold, they will move only in the least disadvantageous one. So a union of games, if well played, 
will consist of the slow join of its hot parts, followed by the ordinary sum of the residual cold 
games. 

Hotcakes 
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Mother has been making cakes again and this time they are quite hot. In Cutcake (Chapter 
2), Left made a vertical, or Rita a horizontal, cut in just one cake. In Cutcakes (Chapter 9), 
they made such cuts in all the cakes they could. Now they may cut whichever cakes they 
like, but to make it more interesting, after each cake is cut, just one of its two parts is turned 
through a right angle before being put back on the table. In Fig. 1 Rita has just made a 
horizontal cut and is seen turning one of the resulting two pieces of cake. 


Unions of Games 

Hotcakes is the selective compound or union of a number of component one-cake games. More 
generally there is such a compound 

G V if V AT V . . . (“G or H or K or...”) 

of any number of component games G, H, K, . . . . When it is his turn to move, a player 
selects some of the components (at least one, maybe all) and then makes moves, legal for 
him, in each game of his selection. When a player cannot move, the game ends and that 
player is the loser according to the normal play rule. The selective theory (of unions) is a 
mixture of the disjimctive theory (of sums) and the conjunctive theory (of slow joins). 


Cold Games - Numbers Are Still Numbers 

Some games behave exactly like ordinary disjunctive sums. In Coldcakes we allow Lefty or 
Rita to cut as many cakes as they like, but we remove the new turning requirement. How does 
this differ from Cutcake, which they played in Chapter 2? 

Not at all! Since every value in that game was a number, they were never anxious to make 
moves and will now be even less keen to make several moves at once. Each player will move in 
only one component — that which does him least harm — and the union becomes an ordinary 
sum. The same will happen in any game (such as Blue-Red Hackenbush) in which all the 
values are numbers. 


Hot Games - The Battle Is Joined ! 

In a union of games there may be several hot components, in which the players want to move, 
and some cold ones, in which they don’t. So they won’t touch any cold component but will 
move in all the hot components while any such remaain. We call this first part of the union 
the hot battle. Since the players make all the hot moves they can, it is a join of smaller hot 
battles for the hot components, and since it only ends when the last of these does, it is a slow 
join. 

After the hot battle we have the cold war, which is just an ordinary addition sum, since 
all the components are numbers and the players will only move in one at a time. 





Tolls. Timers and Tallies 
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Tolls, Timers and Tallies 

Table 1 shows the left and right tallies for Hotcakes. For the 2 by 3 cake the entry is 
laOi. 

The left tally, I 2 , consists of a toll, 1, and a timer, 2, and means that if Left starts, we shall 
reach a cold war position of 1 after a hot battle of 2 moves. If instead Right starts we reach a 
cold war position of 0 after a battle of 1 move. These two little battles are illustrated in Fig. 2. 
It is easy to tell when the cold war begins because collections of Hotcakes only get cold when 
all the cakes are strips. The entry for a strip in Table 1 is therefore a single number, x, which 
should be regarded as an abbreviation for the pair of tallies xoXq. 

What is the fate of Fig. 3? 



Figure 2. Battles for a Small Hotcake. 


Here the left tallies are 

4 3i 1 2 , 0 5 , 

and so if Left moves first the value when the cold war starts will be 4 + 1 + 0 = 5. And since 
the longest component battle (and therefore the whole battle) will last for 5 moves, the left 



4 3 1 4 V l 2 0i V 0 5 -7 3 = 5 5 -6 4 . 

Figure 3. A Hotcake Position. 
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Table 1. Left and Rif 

;ht Tallies for Hotcakes 



tally of the position is 5s. The right tally is 







(1 + 0- 

7)4 = -64, 



since the component right tallies are 








I4, 0i, -7 3i 



and the battle this time lasts for 4 moves. 




For a union of positions with tallies 






U a Xi, 

v bVj 

, W c z k , ... 



we find both left and 

right tallies by adding the tolls (which refer to an eventual sum of cold 

wars) and taking the largest timers (which refer to a slow join of hot battles), obtaining 

(u 

+ U + 1 

•» + -). 

na x(a.fc.c... 

,.)(x + y + z + ■ ■ • ) maj 





r 

TOTAL TOLLS! 





| TOPMOST TIMERS! | 
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Which Is the Best Option? 

Since after Left’s move it will be Right’s turn, Left need only consider the right tallies of his 
options and make a shortlist of those with the largest toll. Right’s shortlist consists of those 
left tallies of his options that have least toll. Both players should now choose options from 
their shortlists by the normal suspense rule of Chapter 9 — take the largest even timer if there 
is one and otherwise the smallest odd timer. 


Shortlist all 

G l with GREATEST RIGHT TOLL 
and all 

G R with LEAST LEFT TOLL 
and, from the corresponding 
timers on each side, take the 
LARGEST EVEN else SMALLEST ODD 


CHOOSING BEST OPTIONS 

All that remains to be explained is how to find the tallies of an arbitrary position from 
those of its options. Before we do this we will use what we already know to find the best 
options for the 9 by 3 cake. According to the rules of Hotcakes this has options as shown in 



1 by 9 V 9 by 2 

2 by 9 V 9 by 1 


8 by 3 V 3 by 1 
7 by 3 V 3 by 2 
6 by 3 V 3 by 3 
5 by 3 V 3 by 4 
4 by 3 V 3 by 5 
3 by 3 V 3 by 6 
2 by 3 V 3 by 7 
1 by 3 V 3 by 8 
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with tallies 



63O5 V -2 - 4 3 -2 5 ' 


53I5 V O1-I2 = 53O5 


43I4 V I3-I3 = 53O4 

8 V Oi— 12 = 8 j 72 

33O4 V I4-22 = 4 4 -24 

I2O1 V —8 = —72— 81 

2 3 — 14 V O4— 3 3 = 24—44 


I3 — 13 V — 14 — 4 3 = O4— 5 3 


I2O1 V — 15—63 = O5— 5 3 


2 V O5-63 = 2 5 -4 3 


Of course, because Left only refers to right tallies and Right only to left ones, the bold-face 
figures are all we need. From them Left shortlists only 72 and Right only O4 and O5 from which 
she chooses O4. Why is this? If Right made a move to O5 the battle would have 5 more moves, 
Left, Right, Left, Right, Left, 

and Right would be forced to move first in the cold war. She therefore prefers the move to O4 
with 4 battle moves, 

Left, Right, Left, Right, 

after which Left must make the first cold war move. We conclude that the players’ best options 
have the tallies shown in 

{. r 3 |o* . .}. 

in which the pairs of dots represent the (irrelevant) Left tally of the best Left option, and 
Right tally of the best Right option. 

Hot Positions 

When we know the best options, how do we find the new tallies? In the example there is no 
difficulty. Since 7 > 0, this position is still hot, so the battle is not yet over. Indeed we can 
see just how long it will last: If Left makes the first move there will be just 2 more battle 
moves, while a first move by Right would be followed by 4 further battle moves. The hot battle 
therefore lasts 3 or 5 moves in the two cases and the tallies are 73O5. 

The same argument works for hot positions in any game when the best options have been 
found: 


For a position 
{■ ■ Xa\yb ■ •} with x > y, 
the tallies are 
Za+l2/fc+l 


TALLY RULE FOR HOT POSITIONS 

Cold Positions 

But if x < y the position is cold and must be a number. Which number is it? We find out by 
a version of the Simplicity Rule. 






Cold Positions 
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We shall discuss the cases in which Left’s option has right tally | or | and Right’s has 
left tally I3 or I4. 

Since 7 is odd and 8 is even, 

| is better for Left than | (i.e. 5 > |), 

while 

5 is worse for Left than £ (i.e. ^ < 5), 

and for similar reasons 

I4 is better for Right than 1 (i.e. I4 < 1), 

while 

I3 is worse for Right than 1 (i.e. I3 > 1), 

[Recall that “greater than” is “better for Left”, “worse for Right”.] We can now see from the 
picture 


that the simplest numbers in the appropriate ranges are 


| for {•■ 

1 for {.. 
1 for {.. 
and | for {. . 


For cold positions in general: 


For a position 
{..x a | 2/6 • ■} with x < y, 
the tallies are ZqZq, where z is the 
simplest number in the range 
x < z < y if a and b are both even, 
x < z < y if a and b are both odd, 
x < z < y if a is even and b is odd, 
x < z < y if a is odd and b is even. 

TALLY RULES FOR COLD POSITIONS 


odd timers admit their tolls, 
even timers exclude their tolls, 
s candidates for the simplest number. 
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Or, shorter still: 


ODD ADMITS! 
EVEN EVICTS! 


Of course such positions, being cold, are really numbers, and a number z has tallies zqZo 
because it is already in the cold war. 

Tepid Positions 

When Left’s and Right’s options both have the same toll, the rules are more delicate: 


For a position 
{. .X a \Xb ■ .} 

with equal tolls, the tallies are 
^a+1^6+1 if a and b are both even, 

X0X0 if a and b are both odd, 
X miix(a+i,6+2) a: 6+i if a is even and b is odd, 
£a+i:rmax((&+i,a+2) if a is odd and b is even. 


TALLY RULES FOR TEPID POSITIONS 
It is easier in practice to ask first whether the tentative tallies 

Xa+lVb+l 

obey the Lukewarmth Commandment : 






IF TOLLS BE EQUAL, 

THOU SHALT NOT PERMIT AN 
EVEN TIMER UNLESS THERE 

BE A GREATER ODD ONE 






Then tallies disobeying the commandment are of two types and should be corrected as follows: 

If the timers a + 1 , 6+1 are both even, the correct value is x with tallies xqXo- 
If one of a + 1 , b + 1 is an even number, e, and the other is a smaller odd number, 
this odd number should be increased to e + 1 . 
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These rather puzzling rules must be explained in terms of battles only, since we know the 
value x at which the cold war will start. The important question is: who must start it? To 
decide when he himself wants to enter the fray, the erudite player will of course be guided by 
the maxim of Chapter 9: 

GREATER GOOD! (odd) 

LESSER EVIL! (even) 

Let us see how this leads to the above rules by studying four simple examples. 

For the battle of the example 

{..x 8 |x 4 ..} {. . x 7 |x 3 . .} {..x 8 |x 3 ..} {..x 7 |x 4 ..} 

Right sees, if she moves first, a 
win loss short loss short win 

as against the 

loss win longer loss longer win 

that happens if she leaves the opening move to Left. She therefore 
does does not does does not 

want to make the first move. Left, by moving first, can guarantee a 
win loss long win loss of definite length; 

as against the possible 

loss win short win indefinitely long loss 

if he leaves it to Right, who may or may not respond. He therefore 
does does not does does 

prefer to move first. The resulting tallies are 

X9X5 XqXq X9X4 X 8 Xg 

because the game is 

hot cold (fairly hot) both hot and cold! 

More detailed explanations: 

The first example {. . x 8 |x 4 . .} is patently hot since x 8 > x > x 4 , so the final timers are got 
by adding 1 as usual. 

The second example {. . x 7 |x 3 . .} is just as patently cold, since x 7 < x < X3 and we get the 
number x by the Simplicity Rule. 

In the third example {. ,x 8 |x 3 . .} the heat is latent. Although Left definitely wins, both 
players want to move: Right to take the lesser evil and Left to ensure that his good is greater. 
The timers are still obtained by adding 1. 

The last example {. . x 7 |x 4 . .} is the most subtle! Right, who is sure to win the battle, has 
all the time in the world and would be delighted if nobody touched this game for a long time, 
since it might then be the last battle to end. Left, therefore, will move as soon as he can. If he 
is due to move, he moves to x 7 and the battle will last for 8 moves in all. But if it is Right’s 
turn, and battles rage elsewhere, she should make a move without involving this component; 
and with Left then due to move there will be 8 more moves in this battle, making 9 in all. 
The tallies are therefore x 8 xg. 
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Tally Truths Totally Told 

We call now give a complete summary of all our rules for working with tallies: 


To find tallies of unions: 1 1 OLL] 


On each side, take the TOTAL TOLL and the TOPMOST 
TIMER. 


To find tallies from options: 

Shortlist all the G L with the GREATEST RIGHT toll, and 
all the G R with the LEAST LEFT toll. Then on each side 
select the tally with the LARGEST EVEN timer if there is 
one, and otherwise the LEAST ODD timer, obtaining the 
form 

G = {..*.b,..}. 

If x > y j the tallies are 
(HOT) j 

If x < y f G is the simplest number between x and y, 
(COLD) j ' nc * u< i' n g x as a possibility just if a is odd, y 
[ just if b is odd. 

try x a+1 y t+l . But if just one of a+1 and b + l 
If x = y is an even number, increase the other (if neces- 
(TEPID)- sary) by just enough to make it a larger odd 
number. If both are even, replace each of them 
by 0. 


THE TALLY MACHINE 


A Tepid Game 

Coolcakes is another eating game. It is the selective version of Eatcakes, which we met in 
Chapter 9. Across each one of as many cakes as she likes, Rita eats away a horizontal strip. 
Lefty eats vertical strips in a similar way. Table 2 gives the tallies, and the displayed pattern 
can be shown to continue. 
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However, to avoid breaking the Luke warmth Commandment these must be corrected: 
j {.. 0 i | 0 o-.} = 0 2 0 3 ! 


Select Boys and Girls 

When Left and Right last held a children’s party they took so long working out those compli- 
cated values that all hell broke loose among their hungry guests. Now the boys and girls are 
carefully selected and several may be seated in a single move. Left may seat any number of 
new boys, or Right any number of new girls, provided that, at each move, any two new arrivals 
are separated by a previously seated child. Once again no boy and girl may sit in adjacent 
seats. 

The values are intriguing (Table 3). We can work them out from the equations (very like 
those in Chapter 5 for Seating Boys and Girls, the disjunctive form) 

LnL = {LaL V L&L|LaR V RfcL} j 
(-LnL =) RnR = {RaL V L 6 R RaR V RfcR} \ a + b = n- 1, 

(RnL =) LnR = {LaL V L&R|LaR V Ri»R} J 
LOR and ROL illegal. 

The tolls show period 5 after some exceptions in the first two rows. The timers increase 
at three different speeds, as shown by the separating bars: some every period (a), some every 
other period ( 6 ), and the rest after steadily increasing numbers of periods (c). So, despite their 
latest precautions, Left and Right are sure to have hot battles of erratic lengths. 

Mrs. Grundy 

When you played Grundy’s Game in Chapter 4 (the move was to split a heap into any two 
smaller heaps of different sizes), you may have been irritated by all those unsplittable heaps 
of size 1 and 2 that are left at the end. Mrs. Grundy has a tidy mind and allows Left to 
remove isolated heaps of 1, and Right isolated heaps of 2, as additional moves, and to speed 

the game up a little, the players may make moves in as many heaps as they like. There is a 

variation in which the players may split even heaps of size 4 or more into equal parts. The 
successive tallies are: 

For n = 1 2 3 4 5 6 7 8 9 10 11 12 

Mrs. Grundy 1 -1 O 1 O 1 1 2i-1 2 O 3 O 1 1 2i-l 4 O 5 O 1 1 2 X — 1 6 O 7 O 1 

..XIX IX IX 

variation 1 — 1 OjOi I 2 — 2j —1 0 x 03 1 4 — 2x — 1 O 1 O 5 lg — 2x —1 O 1 O 7 

The tolls have period 3 in each case and the timers other than 1 increase steadily. The 
arrows display a remarkable coincidence: tallies for the variation are obtained by shuffling the 
negatives of those for the original. 






Mrs. 

Grundy 
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2Lk/2j+2 


2[ v /2k-l+ij. 




Table 3. Tallies for Select Boys and Girls. 
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How to Play Misere Unions of Partizan Games 

We have no idea how to play ordinary unions of partizan games with misere play. 

Urgent Unions (Shotgun Weddings?) 

A union of games may be played with the additional rule that it finishes as soon as its first 
component does. The winner of that component is then the winner of the whole game, in 
either normal or misere play. A component may be called finished either if the mover can’t 
move or if neither player can move (but if we use the latter rule, we must still declare that a 
player loses who cannot move in any component of an unfinished game) . 

This kind of compound of a number of games 

G, H, K, ... 

is called their urgent union 

Gs/HsjKy ... (“G ur H ur K ur ...”). 

Dwight Duffus called this the severed selective compound (shortened selective in ONAG, and 
by Smith); when we wish to contrast it with the ordinary union, we call the latter the tardy 
union. The theory of urgent unions, for either normal or misere play, and with either finishing 
rule, follows from the more general theory given below. 

Predeciders - Overriders and Suiciders 

In this theory, certain moves in the components are special in that a player who makes one 
of them thereby instantly terminates the whole game. These predeciding moves are of two 
kinds, overriding and suiciding. A player who makes an overriding move wins immediately, 
while one who makes a suiciding move loses just as quickly. However, if a player cannot 
move when it is his turn to do so, and no predeciding move has been made, he must be said 
to lose. 

This kind of game includes the urgent unions defined above, by making all finishing moves 
overriding in normal play and suiciding in misere play. But of course it also covers cases in 
which some finishing moves are overriding, some suiciding and some neither. 

Falada 

“Some of the King’s Horses, First Off Wins” is a very playable game. Since it is a severed 
selective horse game we simply called it Falada. In Grimms’ fairy tale, Falada was the horse 
whose severed head addressed the Goose Girl as she pondered her moves for the day. We 
play it on a quarter-infinite field with horses which move as in Chapter 9, except that at his 
turn a player may move however many he likes (at least one, possibly all). Horses are allowed 
to jump off the board and the first to do so is the winner. The game is plainly a union of 
component one-horse games, and it is a normal play urgent union because the winner of the 
soonest finishing component wins all. 
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Such games are solved by tallies in which the tolls are not restricted to be ordinary numbers, 
but are sometimes infinite. 

Table 4 shows these unrestricted tallies for this game. A position in which one of Left’s 
options is already an overriding win has left tally ooi. Another position in which every right 
option has a left tally ooj will have a right tally 002 and so on. In general a tally oo n refers 
to a position in which Left has a strategy which leads to an overriding win at the nth move. 
This will be a left tally if n is odd, a right one if n is even. A tally — oo n (often written oo n ) 
is assigned to a position for which Right has an n-move overriding win strategy. It will be a 
left tally if n is even, a right one if n is odd. A tally 000 would indicate a position that has 
already been (overridingly) won by Left, ooq one already overridingly won by Right. 

Places at the very edge of the board have tallies 001001 since either player has an immediate 
overriding win; the same is true of square b2. The tallies for b3 are 001002 since Left will win 
in 1 move if he starts, 2 moves if Right starts, even if Right does not move the horse on this 
square. But a horse on b4 can be moved by Right to c2 and so yields a 3-move win for him, 
corresponding to right tally 003. The right tally of b5 is 0i, however, because Right will move 
this horse to c3, from which position neither player will voluntarily move it, lest his opponent 
win outright. In symbols the value of c3 is found from the equation 

{• • ooi | ooj..} =0, 

since 0 is the simplest number between —00 and +00. 

An especially interesting square is d4, from which either player has an outright win in 
3 moves. The play might go along one of the lines sketched in Fig. 4, but there are other 
alternatives and the losing player might pass on b3 or c2 by moving some other horse. 



Figure 4. Two Three-Move Overriding Wins. 


You’ll find it hard to keep your opponents interested in Falada if you make them wait while 
you laboriously consult Table 4, so why not play on the beautifully patterned field of Fig. 7 
in the Extras? 
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We’ll be back with some more games after a word from the makers of Unrestricted Tallies. 




Timers on infinite tolls are remoteness functions, not suspense numbers. Therefore: 



Frame 2 


Frame 3 









Frame 6 Frame 7 

When using Frame 6, treat {. . oo Q | } like {. . oo„ | oo_j . .} and { | oct . .} like {. . 5o_i | 5c. 
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According to Frames 1 and 2, the tallies of 

3 6 oo 3 V oog5i2 V 2| 0 2 V oo 8 oo 5 
are 

00 8 ^ 3 , 

since the tallies with infinite tolls on the left side are oo 9 and oo 8 , and oo 8 has the tiniest 
timer. On the right side oo 3 beats 005. On each side the tally with infinite toll (whether 00 
or 00) and least timer overrides the others. 

The timers on infinite tolls are remoteness functions, not suspense numbers, since a player 
with an overriding win wants to win quickly, while his opponent tries to lose slowly. 

Let’s use Frame 3 to find tallies for the example 

{. .^ 5 ,..00 6 ,..2 2 ,..«ii,..<X>4,| lg..,3 8 ..,l 6 ..,OOi..,l2-.}- 

In this Left shortlists his options with the greatest right toll (00) and Right those with least 
left toll (1), to obtain 

{. . OOg, . . oo 4 , | 1 9 . . , 1 6 - ., 1 2 ..} = {.. oo 4 | 1 6 ■•} = 005I7. 

Since his timers are remoteness functions, Left prefers 004 to 006 (least even, else greatest 
odd), but Right, who sees suspense numbers, prefers lg to lg and 1 2 ( greatest even, else least 
odd). Since this game is hot, its tallies 005I7 are found in the obvious way (Frame 4); had it 
been cold we should still have used the Simplicity Rule (frame 5). 

To cover the new kind of tepid case (frame 6), when the best options for each side have 
the same infinite toll, we bring you a new commandment: 

The Markworthy Commandment : 


IF INFINITE TOLLS BE EQUAL, 
THOU SHALT NOT PERMIT AN 
ODD TIMER UNLESS THERE 
BE A GREATER EVEN ONE 


Thus, 

{. . oc 4 | oo 7 . .} = oo 5 oo 8 , 
since this obeys the commandment, but 

{..oo 8 | oc 3 . .} = 0090010, 

since the trial tallies OC 9 OO 4 would disobey it. Cases when one player has no option (or upsets 
the board in a fit of anger) are dealt with by adjoining the suicidal option . .oo_i for Left or 
oo_i. . for Right. Thus 


{. . 006 | } = {. . 006 | 00-1 • •} = 007008. 
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I HARRY KEARTY ! i 

! You-Vt atmu^ ' l 
I 9 ot option. ; ! 
i 1 _ of having j j 

l ■t uat commiflii / j 


rtMo-YEajBai, 


su 


A detailed explanation for these rules will be found in the Extras, where we shall also 
explain why battles sometimes end before their time. 

Here is what your new tally machine will look like: 


FOR POSSIBLY VERY LARGE TOLLS 
\OOB\ To find tallies of unions: 1 9E3 


On each side: 

If all tolls are FINITE, operate like old machine. 
Otherwise, take the INFINITE TOLL with the 
TINIEST TIMER. 


To find tallies from options: 


Select best options as before, using - go < x < oc, except 
that among tallies with INFINITE TOLLS, prefer that 
with the LEAST EVEN TIMER if there is one, otherwise 
that with the GREATEST ODD TIMER (“no option” 
counts as x _, for Left, oo_, for Right). 

From the resulting form 

compute tallies as before, except that if x = y and both are 
infinite, you should (if necessary) increase the even timer 
of x + iy fc+1 by just enough to make it an even number 
larger than the odd one. 

—^7 C7 

NEW UNRESTRICTED TALLY MACHINE 


J 
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One for You, Two for Me, Nothing for Both of Us 

This game, also called Squares Off, is played with several heaps of beans. The move is to 
take perfect square numbers (greater than 1) of beans away from any number of heaps. Since 
a move removes at least 4 beans, heaps of 0, 1, 2, 3 cannot be further reduced. We declare 
that a move leaving 0 is an overriding win for whoever makes it ( nothing for both of us), while 
one leaving 1 is an overriding win for Right ( one for you) and one leaving 2 is an overriding 
win for Left ( two for me). A move leaving 3 is not an overriding win for either player and does 
not terminate the game unless all other heaps are also of size 3. Table 5 gives the values. 


1-10 

oo 

oo 

0 

OO1OO1 

c»2<501 

001002 

O1O1 

0 

OO1OO1 

OO3OO1 

11-20 

001O2 

O1O1 

0 

OO4OO3 

003004 

OOlOOl 

O1001 

001005 

005O1 

1 

21-30 

0 2 oc 3 

003O1 

0 2 oo 5 

OO5O1 

OOxOO! 

0 2 001 

OO103 

O1O1 

I1O1 

^04^03 

31-40 

003004 

O2O3 

OiOr 

oo 6 ro 5 

OO503 

OOlOOl 

o 2 001 

001007 

0i^ 5 

00 5 00 6 

41-50 

O4003 

003O3 

O2OO7 

OO701 

llo 5 

04OO5 

OO503 

0203 

OOlOOl 

oo 6 ooi 

51-60 

001O3 

O1O3 

O2O3 

02OO3 

003005 

OO502 

0i0 5 

0 2 0 3 

^8007 

1 

61-70 

0 

O1O5 

O4OO5 

OO1OO1 

007001 

001005 

OO505 

02OO9 

I1OO3 

003007 

71-80 

O2O5 

O3O5 

O2O3 

0405 

03OO7 

OO702 

010 5 

02OO5 

OO5OO5 

OO503 

81-90 

OO1OO1 

O2001 

001007 

llocg 

llo 3 

O1TO3 

OO303 

0205 

OO7O3 

o 6 o 7 

91-100 

0 4 0 5 

O3O3 

0 2 0 3 

01OO5 

005005 

OO503 

0103 

04OO7 

O4OO7 

OOlOOl 


Table 5. How “Squares Off” Jumbles Finite and Infinite Tolls. 



Figure 5. f3’s Falada Fate. 
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Two More Falada Games 




In each of these the players are forbidden to jump off the board and it is the first horse home 
that decides the game. Table 6 gives tallies for the first home wins version. Here there are 
two well-defined regions yielding overriding wins bordering a central region with finite tallies. 

Figure 5 forecasts the fate of a horse on the square f 3 with tallies 003006. 

If the first horse home loses we get Table 7 in which no infinite tolls appeal'. In fact, 
whenever the only predeciding moves are suiciding ones, this always happens. In such cases 
we always get the same tallies as we would by passing a(n unenforceable?) law making suicide 
illegal 

Both the above games may end with a predeciding move. In this case the player unable, 
or unwilling, to move loses. 

1 
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*1*1 

*1*2 
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kt 4 to, 

• 

0 


*S*» *5*8 *7*8 *9*10 *1*10 *11*11 

5 



» 
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» 
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0 0 1 13 4 
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-2 -1 0,0, 1 2 2 
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3> (<I 3S, 
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33,, 3!, 

-3-1-1 002 

" 

X, 0 W, W,»55 9 

35 10 3j, 

35, „W, 

3), ,,35, ' 

33, 2 W, 

-3-3-2 001 

12 
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Table 6. 

Tallies for Falada, First Home Wins. 
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Suiciding! | 1 0 1 13233545576 

0 -1 0,0, 0,0, 1,0. 1 1,1, If 3.2, 3 3,3, 3f 5,4, 5 5,5. 5! 


0 0 0,0, 0 (1,0, f f 2 1 2 2 4 3 4 4 6 



Table 7. Tallies for Falada, First Home Loses. 


Baked Alaska 

This is a particularly interesting modification of Coolcakes. It is played exactly like that game, 
except that a person who sees a square cake may eat it and win the game outright. The tallies 
for a square cake are therefore oojOOj but apart from this the game behaves like an ordinary 
union in which it is illegal to create a square cake, so that all other tolls are finite. (Many 
other games with predeciding moves behave like this.) 




To make Table 8 as clear as possible we’ve written 

a,b,c,d,e, instead of 1,2, 3, 4, 5, 

as timers, and written simply ^ for the illegal square cakes. For a vertical strip of two 
squares, Left moves to 0, but Right has no (non-suicidal) move, so the value is 1. For 
longer vertical strips, the value is successively halved since Right’s best move is to eat an 
end square. Other small cakes tend to be hot, but there are some surprising exceptions 
(61/128 for a 5 by 11 cake!) The central values are mostly cold, with a hot coating, as the 
name might suggest. It seems that for large enough m, the values of m by m + 1 cakes 
are alternately —1/256 and (2 -8 + 2 2-m ) a 0 o (m odd), while those of m by m + k cakes 
for k = 2 3 4 5 6 7 8 9 10 11 


Figures 6(a) and 6(b) show which parts of this cake should remain after the hot battles started 
by Left and Right respectively. 


Table 8. Finicky Figures for Baked Alaska. 



-1 
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(a) First Bite to Left. 


(b) First Bite to Right. 


Figure 6. The Frozen Remains of Baked Alaska. 
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Extras 


A Felicitous Falada Field 
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Sj “ ' Wo 

“jtl 0 

1 Is □ H 

□ □ Q 

□ 0 s 

0BB1 

Figure 8. Toll Losses When Playing on Falada Field. 


i 

+ 
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Each square should be considered as divided into Left and Right halves by the NW-SE 
diagonal. Make normal moves, 2 squares West and 1 square North for Left (2N & 1W for R), 
but abnormal ones, 2W and IS for Left (2N & IE for R) if there is a small circle in the S(E) 
of the square. Move every horse from any square which is shaded (in your half). If there is no 
such horse, move just one horse from an unshaded square containing the maximum number of 
half-diagonals, especially if there’s a half-diagonal in your half. The key of Figure 8 goes into 
more detail, indicating the loss in toll value from either player’s point of view. If there is no 
change in toll value, then the timer changes by 1, unless there is a small circle in the W(N), 
in which case it changes by 3, plus 2 more for each similarly placed circle found by making 
NW diagonal steps of length 3. For example, Right’s half of square p20 is empty, so Right 
should hope to find a better move. The key tells us that Right’s toll worsens (increases) by 1 if 
she moves, but Left’s toll is unchanged. If he moves from the square it should be abnormally 
(circle in S) and his timer changes by 3 (circle in W) + 2x3 (squares ml7, jl4 and gll 
contain similarly situated circles, but d8 does not) = 9. Extrapolation of Table 4 shows that 
Left would move from —1 to . . — 1 9 , while Right would move to 0. 


The Rules for Tallies on Infinite Tolls 

We explain these by considering the examples 

{..oo 4 | oo 7 ..} and {..oo 8 | oo 3 ..} 

(in each of which Left is sure to win) in more detail. In the first example both players would 
like to move — Left to obtain his win at the 5th move and Right to postpone it to the 8th. It 
therefore behaves like a hot game, and has tallies 005008 . In the second example, Left should 
certainly move and reach his overriding win at the 9th move. But if Right chose to move in 
this component the game would only last 4 moves as against the 10 that would result if she 
made a pass move in this component and then allowed Left to take his 9-move win. She can 
make this pass move if she has a less harmful move elsewhere, and indeed by doing so she will 
win the whole game if in any component she has an overriding win in 9 moves or less. 
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In the case {. . oog | } Right will be forced to pass since she has no option and so its tallies 
are again 0090010 just as if she had oo_i. . for an option. 

Time May Be Shorther than You Think! 

Our timers sometimes give the wrong answer for the length of the hot battle, but this won’t 
matter since they always get the winner right. For the example 

{. .x 4 | Xj . .} V y, 


we find the tallies 


x 9 x g V y = (x + y) g(x + y) s , 

which suggest that if Left starts, the battle will last for 9 moves. In fact it only lasts 
since to avoid moving in y he moves to 


moves, 


■ ■ x 4 V y 

rather than passing in the tepid component. But since there’s only one battle still being 
fought, and he wins it, Left doesn’t care how long it lasts. The left tally xg indicates a battle 
that Left can drag on for 9 moves, if he needs to. 
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Games Infinite and Indefinite 

“I find”, said 'e, “things very much as 'ow I've always found, 

For mostly they goes up and down, or else goes round and round”. 

Patrick Reginald Chalmers, Green Days and Blue Days, Roundabouts and Swings. 

For ever and ever when I move. 

How dull it is to pause, to make an end. 

Alfred Lord Tennyson, Ullysses, 1.21. 

Infinite Games 

Most of our examples in Winning Ways have had only finitely many positions. But a 
game can have infinitely many positions and still satisfy the ending condition. A few such 
are described in the first part of this chapter. More interesting are the games obtained by 
dropping the ending condition, which we call loopy games, since it’s often possible to find 
oneself returning to the same position over and over again. In Chapter 12 we’ll describe, 
amongst other things, C.A.B. Smith’s complete theory for impartial loopy games, but in this 
chapter we’ll see that the theory of partizan loopy games is completely different. 

The ideas in this chapter are hardly used elsewhere in the book. 

Infinite Hackenbush 

You may have wondered why numbers like | don’t appear as values. The answer is, they do! 
To see how, let’s look at some Hackenbush positions that get near §. 
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Maybe the value of an infinite alternating beanstalk will be exactly | ? If so, Fig. 1 should be 
a second-player win, since its value is 



Figure 1 . Two-Thirds of a Move Can Take a Long Time. 


After any Left opening move the value will be 

( 5 -«) + § + §-2 

and by moving one higher up in another beanstalk, Right can achieve 

(I -£ ) + (I + f e ) + f “ 2 ‘ 

If Left now responds in the remaining beanstalk, the rest of the game is finite with value 

(I “ £ ) + (I + 2 £ ) + (I “ £ 0 “ 2 < °> 

so Right wins. After any other Left move, Right can move from | to | + leaving a finite 
game of value strictly less than 

(i-«) + « + i*) + (l+h)-*-°- 

It’s just about as easy to check that Left wins if Right starts. 

The argument is quite general and can be used to produce a Hackenbush string of any real 
value. For instance the binary expansion of 7r is 

3.00100100001111110110101010001000100001011010001..., 

so the string of Fig. 2, to which Berlekamp’s Rule (Extras to Chapter 3) applies, has value 7 r. 
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Figure 2. A Hackenbush String of Value n. 


Infinite Enders 

But can we really make use of Hackenbush theory for infinite graphs? Is it quite safe? Do we 
have to worry about limiting processes? 

Yes, it’s quite safe, it all works, there aren't any limiting processes involved and we’ve 
already proved it! Although those Hackenbush strings are infinite, any Hackenbush game you 
play with them will come to an end in a finite time because they satisfy the ending condition 
of Chapter 1 — it’s not possible to have an infinite sequence of moves (even if the players don’t 
play alternately). 

In this chapter we’ll use the word ender for a game which satisfies this strong ending 
condition. You can see that it’s perfectly possible for a game to have infinitely many positions 
and still be an ender. Although most of our examples had only finitely many positions we’ve 
been careful to make the theory apply to arbitrarily large enders. 

The Infinite Ordinal Numbers 

But not all infinite beanstalks have ordinary real number values. The entirely blue one marked 
ui in Fig. 3 has an infinite value because we can see that 

0 < w, lew, 2<w, 3<w, .... 

Why didn’t we just call this oo, or maybe No, since it has a countably infinite number of edges? 
The answer is that 

LJ + 1 > LJ 

whereas it’s usually convenient to write 

oo + l= oo, No + 1 = No- 

Figure 3 shows how, even when you’ve got to the top of an infinite beanstalk, you can 
always add another edge to make a still higher one. The kind of numbers that arise here are 
the infinite ordinal numbers studied and named by Georg Cantor and they go on and on 
and on and on and on and ... 
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A fairly typical infinite ordinal is 

(w““ x 5) + (w" 2 x7) + u“ + (w 3 x 2) + u/ 2 + 47. 


Other Numbers 

But in our theory there are even more numbers, for instance the negatives of Cantor’s ordinal 
numbers, corresponding to completely red beanstalks, and a much greater variety when we 
allow blue and red edges together (Fig. 4). These are the surreal numbers introduced by one 
of us in ONAG. You can learn how to multiply them, and divide and take square roots, from 
ONAG; but you can add and subtract them, just by playing the games. 

Beanstalks aren't the only infinite enders in Hackenbush. Figure 5 shows the values of 
some infinite trees. Every Blue-Red Hackenbush position that is an ender has some surreal 
number for its value (not necessarily real or finite). 

Infinite Nim 

You can also have purely green infinite beanstalks (or snakes), which are impartial enders. If 
we made all the beanstalks in Fig. 3 green, their values would include infinite nimbers: 

0, *1, *2, *3, ..., *w, * (w + 1) , * (w + 2) , .... * (w x 2) , * (u> x 2 + 1) , ..., * (w x 3) * (w x 4) *w 2 , ... 
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Figure 4. Brain-Baffling Bichromatic Beanstalks. 
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Figure 5. Some Infinite Trees (but with only finitely many forks). 
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Figure 6. Two-Dee Nim Has Georgous Values. 
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The theory of Nim applies equally to these by separately nim-adding coefficients of the 
various powers of uj: 

* (w“ x 5 + w 2 + u x 7 + 5) + * (uj 2 x 3 + u + 3) = * (u>" x 5 + w 2 x 2 + w x 6 + 6) . 
This is equivalent to expanding in powers of 2 and cancelling repetitions in pairs, when we use 
Cantor’s equations: 

2 " = uj, 2"* 2 = uj 2 , 2 ux3 = uj 3 , ..., 2 U * =cj u , 

(the equation 2“ = o> is another reason for not using the cardinal name No, which is (normally!) 
much smaller than 2 K °). 

Two-dimensional Nim uses a quarter-infinite board (Fig. 6(a)) and a finite number 
of counters of which any number can be on the same square. A counter may be moved any 
distance leftwards in its own row, or to any position in any lower row. The values shown in 
Fig. 6(b) ar e all the nimbers of the form 


*(«Xfl + i ). 

Of course, there is a three-dimensional version with typical value 

Anyone for Hilbert Nim? 

The Infinite Sprague-Grundy and Smith Theories 

Any impartial ender, G, has a value of the form 


for some, possibly infinite, ordinal number a. The value of a is found by the Mex Rule: it is 
the least ordinal number different from 


where 

* 0 , *7, * 6 , ... 

are the values of the options of G. 

So you can use the theory of infinite Nim to play purely green Hackenbush positions, 
provided they’re enders. 

Impartial games that need not end are handled by a similar generalization of the Smith 
theory, which comes in Chapter 12. Their values have the forms 

*a or oo 0 y s... 


for possibly infinite ordinals 
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Some Superheavy Atoms 

There are some quite playable games in which there arise values such as 

—2, —1,0, 1,2, —2, —1,0, 1,2, ...} = Z|Z and {Z|{Z|Z}} = Z||Z|Z. 

(The symbol Z is the standard mathematical name for the collection of all integers 
...,-3,-2, -1,0, 1,2, 3,....) 

In ONAG a few of these were assigned particular names and some relationships explored, e.g. 


oo = Z||Z|Z, 

±oo = oo| -00 =Z|Z, 
oo±oo = oo|0 = Z|0, 
oo + oo = 2.oo = Z||Z|0 (’’double infinity”). 


In many ways the games oo and ±oo behave like enormously magnified versions of and *; 
there is in fact an infinitely magnifying operation defined by 


/ Z C={/ Z C‘-+n|/ Z C' ! -„} ii=i 

and indeed we have 

f Z * = Z|Z = ±oo 

but the integrated version of t is rather smaller than Z||Z|Z. 
The rest of this chapter is entirely devoted to 


Loopy Games 

We call games that don’t satisfy the ending condition loopy, because they often have closed 
cycles of legal moves. We will meet some impartial loopy games in Chapter 12. Now for the 
partizan ones! 

A play in a loopy game G is a sequence, for example, 

^ qL ^ grit ^ qLLR ^ qLLRL ^ qLLRLR ^ qLLRLRR ^ qLLRLRRR ^ 


which may be finite or infinite and need not be alternately Left and Right. A play in a sum 
of several games defines plays in the individual components in an obvious way; for example 


G + H G L + H -> G L + H R -> G LL + H R -> G LLR + H R 

has the component plays 


qLLR + jjRL qLLRR + fjRL 

) qLLRR _J_ jjRLL 


G -¥ G L G LL -> G LLR -> G llrr -> ... in G 


and 


H->H R -► H rl -> H RLL -4 ... in H. 



Fixed, Mixed and Free 335 

Observe that when the total play is alternating, the component plays need not be. 

Now when the total play is finite, the normal play rule tells us who wins— a player who 
fails to move on his turn, loses. But we must add other rules to determine the outcome when 
the total play is infinite. We shall say that 


A player wins the sum just if 
he wins all the components in 
which there is infinite play. 

If any infinite component play is 
drawn, or if two of them are won 
by different players, the sum is drawn. 


Fixed, Mixed and Free 

So, as well as the letter 

(we shall use loopy Greek letters for loopy games) that describes the structure (i.e. the moves) 
of any component game, we’ll need something to tell us the outcome for each infinite play in 
7. Certain infinite plays will be counted as wins for Left (+), others as wins for Right (-) and 
the rest as drawn games (±, or blank). A symbol 

7* 

indicates a particular way of making these decisions, and the special cases 
7 + and 7- 

denote the variants of 7 in which all infinite plays are treated alike, respectively as 
wins for Left and wins for Right. 

If no infinite play is drawn, we shall say that 7* has been fixed — in particular 7 + and 
7“ are the two fixed forms of 7 most favorable to Left and to Right. When we omit the 
superscript, it will be understood that all infinite plays are drawn, and then we call 7 free. 
Games 7* in which some of the infinite plays are drawn, and some are not, may be called 
mixed. 



Figure 7. What’s the Outcome If All Infinite Plays Are Drawn? 
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In Fig. 7 , there’s a counter on each of the positions a, /?, 7 and S. Left moves by sliding a 
counter in the appropriate direction along a blue edge, Right along a red one. If all infinite 
plays are counted as draws, what’s the outcome (a) if Left starts? (b) if Right starts? 

Onsides and Offsides, Upsums and Downsums 

We’re really interested in adding free games, in which all the infinite plays are counted as 
drawn. Let’s tell you our game plan. 

In general there’s a way of analyzing a loopy game 7 in terms of two rather less loopy ones, 
s and t, and we write 

7 = s&t, s = 7(011), t = 7(off) 

to indicate this relationship. The games s and t are called the sides of 7, s being the onside 
and t the offside. Often the sides are ordinary ending games, or enders, such as 1 , 4 |, f, *, and 
in almost all other cases they are stoppers, which turn out to be almost as tractable. (Always 
s>t.) 

Now to add games given like this you’ll need to know about upsums (a +c) and downsums 
(6-fd), because 

when 7 = a & 6 

and 5 = c & d 

then 7 + £ = (a+e) & (6+d). 

Use 

UPSUMS for ONSIDES! 

DOWNSUMS for OFFSIDES! 


Onsides (and so upsums) are relevant when you intend to count draws as wins for Left, 
offsides (and downsums) if you count them as wins for Right. In fact loopy game theory is a 
sort of double- vision double-take of ending game theory (Fig. 8)! 

But it’s just about as easy as the ordinary theory when you know what it all means. We’ll 
try to let you in gently ... 



Figure 8. Seeing Both Sides of the Picture. 



Stoppers 
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Stoppers 

A stopper, g, is a game that, when played 
Right) infinite sequence of legal moves 

g^yg x -> g XY g x 


its own, has no ultimately alternating (Left and 
X g XY...LR g XY...LRL 


So, no matter which position you start playing from , play will ultimately stop. (But it need 
not have ended because there might still be moves available for the player whose turn it isn’t.) 
We’ll use small latin letters (a, b, ...,g, ...) for stoppers, and when we write 


7(on) = s, 7(off) = t, 


all we mean is that s and t are stoppers for which 

7 + = s + , 7 ~=t~, 

so that 7 can be replaced by s if we recount all its draws as wins for Left, and by t if we 
recount them as wins for Right. Since then the values of s and t completely determine that of 
7, we can write 

7 = s&ct. 

Notice that if 7 already is a stopper, say ... 


7 = c, 


then 
and so 


7(on) = 7(off) = c, 


7 = c&cc. 


But beware! Not every game has onsides and offsides which are stoppers. See Bach’s Carousel 
in the Extras. 


on. off and dud 

Let’s have a look at some of the simplest loopy games. You can’t get much simpler than the 
games with only one position: 


cdd cd> bd 

on jon|| off = j off: dud H dud dud', 


In dud either player can move, in on only Left and in off only Right. But in all cases the 
only legal moves are pass moves, back to the original position. It will turn out that 

dud = on & off. 

These values often arise in real games — some examples in Checkers appear in the Extras. 
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How Big Is on? 

Well, it’s not hard to see that Left wins on — 5, say, by moving from on to on until Right has 
exhausted his 5 moves. In fact, since 

on >0, on > 1, on > 2, ..., 

on is infinite: but by now we’ve met quite a few infinities — how does on compare with 
w,lo 2 ,lo u ,cj u ,...? The answer is: 

It’s Bigger than All of Them! 

For if G is any ender, Left can win 

on-G 

in exactly the same way. He always moves from on to on, and since G is an ender there must 
come a day when Right cannot move in it. So on is a sort of super-infinite number. 

In mathematical logic the name On is used for the Class of all 

Ordinal numbers, 

which is a kind of illegal ordinal larger than all the ordinary ones. We’ve adapted this name, 
and also decided to use off for its negative. You might think that 

on + off 

would be 0, but if you look at Left’s and Right’s options, 

on + off = {on + off |on + off}, 

you’ll see that on 4- off has a pass move for each player from its only position. In other words 
it is the game we call 

dud = deathless universal draw, 

since no matter what other game you play it with, nobody can ever bring the game to an end: 

dud + 7 = dud. 

If any one component is dud, so’s the sum! 


Sidling Towards a Game 

Here’s a good way to size up (or cut down to size) the values of many loopy games. Given 
approximations to the values from above or below, you can put them into the equations defining 
your games and often get better approximations. For example, putting the inequality 
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into the definition 

on = {on| } 

we can deduce 

on > {0| } = 1, then on > {1| } = 2, ... . 

The Sidling Process doesn’t stop with the integers! It implies 

on > {0, 1, 2, ... | } = w, then on > {w| } = oj + 1, ..., on > w", ... 

once again, but without having to consider any details of strategy. 

Now let’s sidle in on a more complicated example. The game in Fig. 7 has five positions, 
0, a,l3, 7, 8, for which the defining equations are 0 = { | }, 

« = {0|J}. /S = M }, T={«I;S}, i = hl }- 

How big are their values? Since we don’t obviously know anything better, let us put the 
obvious upper bounds 

a < on, 0 < on, 7 < on, 5 < on, 

into the defining equations. We deduce successively 
a < {0|on} = 1, 

£<{1| } = 2, 

7 <{l| 2 } = li 

«<{l|l } = 2, 

and then 

a < {0|2} = 1. 

This is the same as we got before, so by carrying on we’ll never get any better upper bounds 
than 

q < 1, /? < 2, 7 < I5, ^ < 2. 

But we could start from the obvious lower bounds 

a > off. 0 > off, 7 > off, 6 > off, 

and derive improved ones: 

0 > {off | } = 0, 

7 > {off |0} = -1, 

< 5 >{-l| } = 0, 

a > {0|0} = * , 

0>{*\ } = 0, 

7 > {*10} =1, 

<5 > U | } = 0. 

The repeated value for S shows that the process has again converged, and won’t give us any 
better lower bounds than 

a > *, 0 > 0, 7 >{., 6 > 0. 
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Sidling Picks Sides 

What are these upper and lower bounds that the Sidling Process gives? The Sidling Theorem 
asserts that they are just the two sides of your game: 


Sidling in from on gives the onside, 

Sidling in from off gives the offside. 

THE SIDLING THEOREM 

This is proved in the Extras, but you don’t have to understand the proof to be able to use the 
theorem. Thus in our example we found 


a < 1, 

P <2, 

7 < 

6 <2, 

a> * 0 > 0, 

and so by the Sidling Theorem we can write 

7>-l> 

S> 0, 

a(on) = 1, 

P(on) = 2, 

7 (°n) = lj, 

<5(on) = 2, 

a(off) = * , 

or just 

P( off) = 0, 

7(off) =4-, 

<5(off) = 0, 

a = !&*, 

P = 2&0, 

7= l£& 4-, 

S = 2&0. 


Starting with one counter at each node in Fig. 7 gives the value 


a + /3 + 7 + J = £, say, 

and the Sidling Theorem tells us that e + is the onside of this, namely 
l+2 + l§ +2 = 6|, 

which is positive so that when infinite plays count as wins for Left he should win no matter 
who starts. But if infinite plays are wins for Right, we have e~ which is the offside 

* + o+ 4- +o = 4 . *, 

which is fuzzy, so that whoever starts should win. 

If Left starts he wins no matter what decision we make about infinite play, but if Right 
starts the play should continue indefinitely and the outcome is, 
in e + , a win for Left; 
in s~, a win for Right; 
in £ itself, a draw. 


Stoppers Have Only One Side 

We’ve already seen that for a stopper s the two sides are equal, 
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The games 

over, under. upon, and upon* 

are easy examples: 



over = 0| over, under = under|0, upon = upon|*, upon* = {0, upon * |0} 

For such games it doesn’t matter which way you sidle. Thus for 
over = 0|over 

we get the upper bounds 

on. 0|on = 1, 0|1 = §,0|£ = £ , ...{0|1, £, ...} = ^,0 

which suggest that 1 

over = — . 
on 

What about sidling in from below? Since over is obviously positive, we can start from 0 
instead of off, getting lower bounds 

o, 0|0 = *, 0 |* = t, 0|T = 1K 0|ir* = t,... 

which actually do tend to ^ from below. 


For a stopper , both sidlings 
tend to the same place. 


This saves a great deal of time when you’re sidling towards stoppers because you can start 
wherever you like. For 

upon = upon|*, 

starting from 0, we get 

o, o|* =t, 1 1* =t + T 2 , (t + 1 2 )!* =t + f + T 3 , - 

which suggest that its value is the super-infinite sum 

-J-3 . •J^*' -j-w+l _p _ -j-w 2 

(We met t 2 and t 3 in Chapter 8; t“ is an obvious generalization.) 


II _ J_ 

\u>~ 
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Of course, since the later powers of t are infinitesimal compared with t itself, upon is still 
less than ff. We needn’t do the other two examples since 

under = —over, 
upon* = upon + *. 



*Tis!-Tis n!-'Tis!-Tis n!-... 

This is a well-known children’s game in which Left says “Tis!” , Right says “Tis n’ !” , Left says 
; ‘Tis!” and so on, with neither player allowed two consecutive moves, as shown by the graph 



or, in symbols, 


tis = {tisn|}, tisn = {|tis}. 
Practise your sidling and prove that 

tis = 1&0, tisn = 0& - 1. 
Given who starts, what should be the outcome of 
tis + * 

when all infinite plays are counted as draws? 
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Figure 9. Girl with Yo-Yos. 

Loopy Hackenbush 

This game was introduced by Bob Li, who called it Double Hackenbush. As well as the normal 
red and blue Hackenbush edges, we have pink and pale (= pale blue) ones (Fig. 9(a)) and 
the new moves: 

Left may repaint any pale edge pink, 

Right may repaint any pink edge pale. 

Pink and pale edges may not be chopped. 

By thinking of edges that are 

red, pink, absent, pale, blue 

as having labels 

-1 0 +| +1 

we can express the rules for all four types of edge by saying that 

Left may decrease a positive label by 1, while 
Right may increase a negative label by 1. 

Disentangling Loopy Hackenbush 

Since the new pink and pale edges can never be chopped, it won’t affect play to bring together 
the two ends of any such edge, so bending it into a loop (Fig. 9(b)), and then replace such loops 
by twigs (Fig. 9(c)) just as we did when applying the Fusion Principle in Green Hackenbush 
(Chapter 7). 

So it suffices to consider Loopy Hackenbush pictures in which all the pink and pale edges 
are twigs. What values have these? 
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Because the rules provide the following moves: 



the answer is 


Since 


for a pale twig, tis 
for a pink twig, tisn 


tis = l&O, tisn = 0& - 1, 


this gives us a very easy way to take sides: 


For onsidcs, replace pale by blue and delete pink. 
For offsides, replace pink by red and delete pale. 


LI’S RULES FOR LOOPY HACKENBUSH 
But beware! You must first have applied the fusion process to all pale and pink edges. 

Since Li’s Rules reduce Loopy Hackenbush pictures with red, pink, pale and blue edges to 
ordinary Blue-Red Hackenbush pictures, they show that the values have the form 


number & number. 


For instance Fig. 9 has value — - | . 


Loopily Infinite Hackenbush 

Infinite Hackenbush pictures can have loopy values even without pink or pale edges. For 
instance, let the infinite delphinium we met in Chapter 2 (Fig. 22) have value d. Then 
d = {0, d|0} 

since removing a blue petal leaves a precisely similar delphinium. 


Loopily Infinite Hackenbush 
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So its value is upon*. 

Several values of infinite Hackenbush pictures are shown in Fig. 10. Some of these also 
have pale and pink edges, but this really adds no extra generality because Li’s Rules continue 
to apply. 

Don’t confuse these Hackenbush pictures with the diagrams (with arrows) showing legal 
moves that you, find elsewhere in this chapter. 







iseu. . 



on AO over 1 A over dud = on A off 
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Sisyphus 

With useless endeavour 
Forever, forever 
Is Sisyphus rolling 
His stone up the mountain! 

Longfellow: Masque of Pandora (Chorus of the Eumenides). 

Here’s a game to practise your sidling with (Fig. 11). 



Start with any number of stones on any of the squares. When it’s his turn, Right rolls one 
stone one place to the r i ght, Left l ifts a ston e one place upwards. Whenever there’s a stone on 
any of the squares | b6 [ , | c6 [ ld6J, | e6 | , | f6 | , Left has the additional option of resetting it to 
| al | , and likewise a stone on one of | f2 | . |f3~| , | f4 [ . | f5 [ , | f6 | may be reset to [ID by Right. 

To find the onsides we sidle down the first column: 

[a6] < |on = 0, [a5]<0|on = l, [a4]<l|on = 2, [a3] < 3, [a2~l < 4, [aT| < 5, 
and then southwest from the top right corner: 

[f£] < 5|5 = 5*, [ST] < 5|5* = 5 t, [|0 < 5 * |5 = 5 fe?] = 5 1 15 1= 5* 

[del < 5|5 1= 5 ft *, [fT|<5| |5 = 5H*,- 
leading to the provisional approximations of Fig. 12. 
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Figure 12. First Attempt at Onsides of Sisyphus. 


[all < 4|5 4.= 4j, and so [ftT] < 4§|4§ = 4±* 
and all the 5s get replaced by 4|s, except that the bottom row becomes 


41 4£J 4*1). 41)11 4^ 


0 < {4j ^ * |} = 5, [0 < {4|4±} = 4± 


We now find ourselves successively replacing 4^s by 4 js, then by 4^s and so 
the process converges to Fig. 13. 


on, until eventually 


0 
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Figure 13. The Onsides of Sisyphus. 
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Of course, the offsides are found by swapping rows with columns and negating the values, 
for instance 

[3ri=4j&-2.[d2]=4 3 L^ «&(- 4^) ^ 

Living with Loops 

With what you know so far you should be able to evaluate most of the loopy games you meet 
in practice. If you want more examples, look near the end of the chapter. Until then we’ll 
show you some more ideas which experts can use to simplify the calculations. 

Comparing Loopy Games 

Because the sides of loopy games are not always enders, we need ways of comparing them. 
This is one problem that’s best solved for fixed (no draw) games. 


If a * and 0* are fixed games, then 
a*>/3* 

just if Left can arrange to win or draw in 
Q* - 0 ' 

provided that Right starts. 


THE INEQUALITY RULE 

So the condition is that Left avoids loss or survives in a* 0* , supposing always that 
Right starts. 

Now any play of a* — 0 * yields component plays in o* and -/?*, and so a mirror-image 
play in +0*. Examination of Table 1 shows that Left’s strategy must arrange that 


Left has a move after every move of Right’s (i) (REMAIN) 

and the resulting plays in a* and 0 * have 

sign(a*) > sign(/3*) (ii)(ON TOP) 

SURVIVAL CONDITIONS 


sign(a’) 

+ 

+ 

+ 

0 

0 0 




sign(-/3*) 

+ 

0 


+ 

0 

I + 

0 


Does Left avoid loss? 

Yes 

Yes 

Yes 

Yes 

Yes, if (i) No 

i Yes 

No 

No 

sign(+/3*) 

- 

0 

+ 


0 + 

i 

0 

+ 

Is sign(a’) > sign(/?*)? 

Yes 

Yes 

Yes 

Yes 

Yes No 

i Yes 

No 

No 



Table 

. The Significance of Signs. 
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In the table, 4- and — denote infinite plays that are respectively wins for Left and Right, 
while 0 denotes a finite play. (Because the theory works only for fixed games, no infinite play 
is drawn.) For unfixed games a* and a* 2 , 


means just that both 

K) + > (oS)+ and (ojr > [al)~ 

where (a*) + and (a*) - are the fixed games obtained from a* by redefining drawn plays in o* 
as wins for Left and Right respectively. 

The Inequality Rule amounts to a definition of inequalities between loopy games and must 
be shown to work. For example we must show that 

aj > a 2 implies a* + 0* > a\ + 0*, 

where we might as well suppose that a*, a* and 0 * are fixed. 

In other words, we must produce a strategy for Left in 


cr* + 0* — <>2 — 0* 


that makes 

sign(aj + 0*) + > sign(a!| + 0') + 


and 

sign(aj +0*)~ > sign(a£ + 0*)~ 

(note that a* + 0* and a 2 + 0* need not be fixed). 

Fortunately this happens if Left plays his given strategy in a* — aj and the Tweedledum 
and Tweedledee Strategy in 0* — 0*, because each column of the Tables 


sign (a*) 0 


for sign (a* + 0*) 

increases downwards. 


sign (0 ) 
- 0 + 


- 0 + 


sign (0 % ) 
- 0 + 


sign(a^) 0 - 0 + 


and sign (a* + 0*) 


The Swivel Chair Strategy 

We must also show that 


a* > 0 * and 0 * > 7* imply a * > 7* 
where once again we can suppose a*, 0 *, 7* to be fixed games. 
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In other words. Left is given surviving strategies in a* - 0* and 0* — 7 * and desires one 
in a* — 7 *. To find it he employs two tables, a swivel chair and Right’s manservant, mr. read 
(Fig. 14). He plays his given strategies in the pairs a*, — /?* and /?*, — 7 * and instructs mr. 
read to play the Tweedledum and Tweedledee Strategy, responding to a Left move in /?* or 
— 0* with the Right mirror-image reply (read’s lower case initial marks his humble status.) 



If he does this the resulting plays will have 

sign (a*) > sign(/3*) and sign(/3*) > sign( 7 *) 

(mr. read’s instructions make sign(/3*) = — sign(— 0*)), so we’ve certainly satisfied the ON 
TOP condition. Also, if the total play in the real game q* — 7 * is finite, then 

0 = sign(a*) > sign(/3*) > sign( 7 *) = 0 

and so the play in all four components is finite and Left made the last move. This wasn’t in 
0* or —0* since mr. read would have obediently replied, and so must have been in the real 
game a* — 7 *. 

Stoppers Are Nice 

We’ve already seen that 

a stopper s has only one side: 
s(on = s(off) = s, 
s = s & s 


and so 


for stoppers, both sidlings 
tend to the same place. 
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Here are some other ways in which stoppers behave like ordinary enders: 


If s and t are stoppers, 
then the inequalities 
s + > t + , s+ > t~, s~ > t~ 
are all equivalent and 
any one of them implies 
a > t 


INEQUALITIES FOR STOPPERS 

This means that you can usually forget about those + and ~ signs for stoppers. In particular: 


To check an inequality 
a >t 

between stoppers, it suffices 
to show that Left can respond 
to every move in s — t, 
Right starting. 


COMPARING STOPPERS 


You can simplify stoppers 
by omitting dominated options 
and bypassing reversible ones 
just as you do for enders. 


SIMPLIFYING STOPPERS 


A stopper which has only finitely 
many positions has a unique 
simplest form with no dominated 
or reversible moves from any position. 


THE SIMPLEST FORM THEOREM FOR STOPPERS 
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We only sketch the proofs. 

If s and t are stoppers, and we have infinite play in s — t, then we must have infinite play 
in both s and t, for otherwise there’d be an ultimately alternating infinite sequence of moves 
in one of them. This establishes the inequality rules. 

Now let s be any stopper and s be obtained by omitting some dominated Left options from 
various positions of s, retaining, of course, enough options to dominate them. If t is another 
stopper, and s > t, we shall show that s > t. 

What we shall show is that when Right makes any move from a position 

s 0 - t 0 of s — t 


for which we had 


then Left can reply to a position 


for which we still have 


> t m 


If Left can keep on making just one more move like this he can keep on forever! 
After Right’s move from 

so — to 


we arrive at a position 


with Left to move. What did he do from the corresponding position 


si -ti 

of s — f? The moves in — ti are still available to him, so we might as well suppose he moved to 


s 2 - ti 

for some Left option s 2 of Sj; now s 2 might be one of the Left options we omitted in deriving s 
from s, but we certainly retained some Left option S3 of Si dominating s 2 , and Left can move 
to 

S3 — t\ ■ 

Since we had s 2 > ti, we must have S3 > t\ and Left has survived for one more move. 

This shows that a > s and it is obvious that s < s. A similar argument shows that we can 
bypass reversible options. The remaining proofs are very like those for ordinary enders. 



Plumtrees Are Nicer! 353 

•n off 




Plumtrees Are Nicer! 


</' 

Ul,-er rfiid nnAoff 


upon liny rniny 

Figure 15. Some Choice Plums. 




The moves of an ordinary ender form a tree in which blue branches correspond to Left moves 
and red ones to Right ones, and we may use green branches for moves which may be made by 
either player. 

We get plumtrees from ordinary trees by adding plums! We use blue plums to indicate 
pass moves for Left, red plums for pass moves for Right and green ones for pass moves available 
to either player. Figure 15 shows our old examples and a new pair, tiny and miny. 

How big is tiny? 

We’ve met some ordinary tiny games 


+c = {0||0| - G } (“tiny G”) 


before. A 4 x 2 rectangle in Domineering has value +2 and in Toads and Frogs we met + 1 , 
and +j|i, and found them to be very small positive games. But 
tiny = + on 


is no ordinary game: since on exceeds every other game, + on 
game. 

tiny is the smallest 
positive value there is! 


miny = - on = —tiny 


is smaller than any other positive 


is the least negative game there is. 


354 Chapter 11. Games Infinite and Indefinite 

Taking Care of Plumtrees 

When all your games are plumtrees, then everything in your garden’s lovely, because there are 
so many things you can do with them. 

GATHERING. Of course you’ll be keen to gather the fruits of your labors. With plumtrees 
this is easy because the sum of a number of plumtrees is always another plumtree, which has 
a pass for a given player in some position only when one of the components does. 
RIPENING. We can suppose that each plumtree has at most one plum per node, since a pair 
of red and blue plums can be replaced by a single green one. In this form the two sides of a 
plumtree are easily found by ripening it: 

To find the onside, replace all green plums by blue ones. 

To find the offside, replace all green plums by red ones. 

PRUNING. Ripe plumtrees (with at most one plum per node) are stoppers and so, if they 
have finitely many positions, can be put into simplest form by omitting dominated options 
and bypassing reversible ones. 

GRAFTING. If g and h are ripe plumtrees with g > h, then gSzh can be represented by a 
plumtree obtained by grafting g onto h as in Fig. 16. However, we must allow a Right move 
to dud from every g L and a Left move to dud from every h R to make sine the graft is not 
rejected. 

V V 

wV v y 


Figure 16. Grafting Two Plumtrees. 

PLACING. It’s often very easy to compare plumtrees with ordinary enders, using Norton’s 
Lemma (Chapter 7, Extras), since 

g: on is g with a blue plum added to its initial node, 

<?:ofF is g with a red plum added to its initial node. 
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For example, you cau see from Fig. 15 that 

upon* is * : on, 

and it therefore has the same order relation with g as * does for every g not involving *. In 
fact 

upon* = f* : on 

(since * : 1 = t * and 1 : on = on) and so upon* has the same order relation with g as t * 
does, for every g not involving {"*. 

Working With Upsums and Downsums 

Let’s use these ideas to add two simple plumtrees. 




? = { on+{0|off}, {on|0} + 0 


0 4- {0|off}, {on|0} 4- off }. 


Next 


on 4- {0|off } = (pass, on 4- 0|on 4- off} 

where the pass indicates that Left has a pass move in the sum corresponding to his pass move 
in on. The Left option on in this dominates the pass move and we have 

on + off = dud = on & off. 
so that the ouside of on 4- {0|off} is 

on|on = on, 

while the offside is 

on|off = hot, say, 

the hottest game of all! These are the upsums and downsums: 

on + {0|off } = on. on + (0|off } = hot. 


or, more briefly, 
and similarly 
So 

whose onside is 

{on, {on|0}|{0|off}, hot} = {on|{0|off}} 
since {on|0} and hot = {on|off} are dominated options. 


on 4- {0|off} = on & hot, 

{on|0} + off = hot & off. 

? = {on&hot, {on|0}|{0|off},hot&off} 
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We conclude that 


{on|0} + {0|off} = {on|{0|off}} = hi, say, 


and similarly 


{on|0} + {0|off} = {{on|0}|off} = lo, say. 



on|0 ♦ O|off * hi & lo 

These answers are in simplest fonn. 


on. off and hot 

It’s easy to add these three games to any other. We call a stopper half-on if it has on as a 
Left option and half-off if it has off as a Right one (the half-on games are just those of the 
form {on|a, 6, c, ...}). 

Both on and hot are half-on; both hot and off are half-off; hot is the only half-on and 
half-off game. Here’s an addition table: 


other hot other off 


on 

other half-on 
hot 

other half-off 

off 


on k hot on k hot 

on k hot | ? 

on k off hot k off 


on k hot 
on k hot 


hot k off 
hot k off 


off 

off 


hot k off 
hot k off 


off 

off 


and here’s a table for some related games (ono = on|0, oof 0|off): 



ono 

hi 

lo 

oof 

tiny k miny 

ono 

on 

on k ono 

ono k hot 

hi k lo 

on | tiny k ono 

hi 

on k ono 

on k hi 

hi k lo 

hot k oof 

hi k on||miny|off 

lo 

ono k hot 

hi ic lo 

lo k off 

oof k off 

on tiny |off k lo 

oof 

hi k lo 

hot k oof 

oof k off 

off 

oof k miny | off 


and here’s a picture of some older relations (Fig. 17). 
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So 



Figure 17 . Higher or Lower? 


A Summary of Some Sum Properties 


Upsums and down sums of stoppers have properties like ordinary sums and there are a few 
other relations between them and the ordering properties. Our mathematical readers might 
like a list: 


0+a = a 
a+b = 6+a 
(a + b) + c = a -f (6 -t-c) 
-(a + 6) = (-a) + (-6) 
a' > a => a' +6 > a +6 


0 + a = a 
a + 6 = 6+a 
(a + 6) +c = a + (6 +c) 
- (a+6) = (-a) + (-6) 
a' > a => a' + b > a + b 


a+b > a+6 

a +6 > c just if a > (—6) + c 


Zero Law 
Commutativity 
Associativity 
Negation 
Monotonicity 
a, b Property 
a, b, c Property 


Some of the consequences of these are quite surprising, as we’ll see later. 


The House of Cards 
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How big are they? 



We already know that off is the most negative game of all, and the thermograph of oof = 
0|off (Fig. 19) shows it to be less than all positive numbers, but confused with all the others. 
We know that tiny is the smallest positive game of all. What about 

ace, deuce, trey, ...? 


It turns out that 

ace + ace ^ deuce. ace 4- deuce = trey. ... 

so that after the first three terms you only need to know about sums of aces. 

But when we include their negatives as well, upsurns begin to differ from downsums, for 
example 
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Now ace has atomic weight 1, so by repeatedly combining aces and their negatives we 
shall get various games whose atomic weights are all whole numbers; for example, the game 


deuce = 0|ace has atomic weight 2 and is called and 

0|joker has atomic weight 1 and is called 10. 

It turns out that for most atomic weights n, we get just 4 such games 
ni fr < nO < nO < 

But for atomic weights -1, 0,1 we also get 

-ace < -joker < 0 < joker < ace 
and their sums with tiny and miny. 

Figure 20 shows you how these games are defined; Fig. 21 shows how they’re compared 
and Fig. 22 how to add them. We use the notation 


X+ = X +tiny, X— = X +miny. 


A = ace = 0|tiny 
J = joker = 0|A+ 

J = -joker = A - |0 
A = -ace = miny|0 


A - = on|A||0 
J- = on|J||A 
J+ = A||J|off 
A+ = 0||A|off 


A+ = A 
J+ = J 
J- = J 

A- = A 


n 

n* 

nO 


n* 


3 = -3 

2*|0 

20|0 

2O|0 

24»|0 

For all games X 

2= -2 

1*|0 

1010 

10|0 

A|0 

in this table 

I = -1 

*|0 

J|0 

9|0 

0|24fc 

X+ = X- = X 

0 

1*|0 

A|i0 

19|A 

0|1* 

deuce, trey, . . . are 

1 

2*|0 

o|i<> 

0|J 

0|4 

alternative names for 

2 

0|A 

0|10 

0|19 

0|14* 

2*. 3*.... 

3 

0|2* 

0|2O 

0|29 

0|24* 

(but ace / £). 


* = o* 

o 

o 

o 

9 = 00 

♦ = 04 * 



Figure 20. Laying Out the Cards. 
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Figure 21. Putting Your Cards in Order. 
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A 

J 

J 

A 

4 

0 

0 

4 


4 

I* 

*k 0 

4 

14&10 

*k* 

4&0 

4 kO 

*k* 

4 

0 

l*kiO 

Ok* 

*kO 

10&14 

Ok* 

*k* 

4 kO 

4 kO 

0 

0 

I4&I0 

Ok* 

4&0 

10 kl* 

Ok* 

Ok* 

*k* 

4 kO 

0 

4 

lOkl* 

4 

Ok* 

1* 

*k* 

Ok* 

Ok* 

*k* 

4 

A 

J&J 

A&14 

lOkA 

24 

14 

10&14 

1<?&14 

14&10 

A 

J 

I4&A 

J&J 

*kJ 

10&A 

<?&4 

4&0 

4 kO 

4 

J 

J 

A&io 

j &4 

JkJ 

A&14 

4 

Ok* 

Ok* 

4 kO 

3 

A 

24 

A.UI 4 

l*kA 

J&J 

I9&I4 

l*kl 0 

l*klO 

14 

A 


A 

J 

J 

A 

4 

0 

O 

4 






If X + Y = 

ZkT, then 





(X+) + (Y+) + {Z+)k(T+), 

(*-) 

+ (Y-) + (Z-)k(T- 

), 




iX+) + (Y 

-) = (Z+)&(T-) = 

(X-) + (Y+). 




Figure 22. Adding Up Your Cards. 


The Degree of Loopiness 

Of course every ordinary ender G has 

G + (-G) = 0 . 

But for loopy games 7 we have 

7+ (-7) = dk(-d), 

where d is called the degree of loopiness, or just the degree, 7 0 , of 7. In symbols 
7 0 =7 + (-7), 

the upsum of 7 and its negative. The a, b, c Property implies that 7 0 measures the downsum 
absorbancy of 7: 

7 + x < 7 just if x < 7 0 , 

and in particular, 


7+a: = 7 for 0 < x < 7 0 . 


THE DOWNSUM ABSORBANCY RULE 

Our more mathematical readers will deduce from the properties of upsurns and downsums that: 
(-7) 0 = 7 0 = 7 0 +7 0 = (7 0 ) 0 , 
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7° +5° < (7 < 7 0 -hJ 0 , 7 0 + 6 ° < (7 + ^)° < 7 0 -+-<5° , 

and similarly for more complicated sums, 

. . .7° +<S° + ... +j 7 0 . .. < (. . .7 + J . . . +jj. . .)° < . . .7°+ 6 ° + . . . +r)° . . . . 


A most important property is that 


the degree of loopiness, 
7 0 , is zero if 
7 is equal to some ender, 
and is otherwise strictly 
positive 


So for genuinely loopy 7 we have 


7° > tiny. 


and therefore 


7+tiny = 7. 


Lots of calculations are made easier using these ideas. Let’s find the degree of tiny: 
tiny° = tiny + (— tiny). 

Because we’ve added a negative quantity, this is < tiny, but it must also be > tiny, since 
tiny is a genuinely loopy game: 

tiny° = tiny. 


We can now find 

for since tiny has only red plun 


tiny + tiny, 

>, tiny + tiny is a ripe plum tree and 


already a stopper: 


tiny +tiny = tiny +tiny. 


But by the Downsum Absorbancy Rule 

tiny +tiny = tiny, 


and 


finally, 


tiny + tiny = tiny. 


Classes and Varieties 

In the House of Cards the degrees of the various positions are 

0 (for 0 only), 

tiny (for tiny and miny), 

joker (for A. A .J.J , J,J+,A. A+), 

4 (for n*,nO,n<?,n*;n = ... -2,- 1.0, 1, 2, ....). 
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The positions whose degree is 4> (unlike the others) show a striking regularity — they form 
themselves naturally into classes, one for each n, and each class exhibits all four varieties: 

*,o,9,4>. 

This seems to happen more generally for all the games of any given stable degree d, i.e. 
one that satisfies 

d + d = d, 

and in this case we will write a{b) for the game of class a and variety b. Formally, the class 
of a contains all the games of degree d between 

a (— d) = a + (— d) and a(d)=a + d, 

which are the smallest and largest members of the class. Although for loopy games 
a+fi <0 

we conjecture that 

a (d) + a, (d) > 0 (The Stability Condition) 

whenever a has degree d and d is stable. We say that a is stable to the degree d when this 
condition holds. It can be proved that sums of such games enjoy the same property. 

The variety of a is the game 

0(a) = a+a(d) = a+ii (—d) . 

In the House of Cards, for example, 

0(39) = 9, 

while the class of 39 contains all four cards 

3*, 30, 39, 3*. 

When a and b are stable to the degree d, there is a unique game 
a(b) = a(d)+0(b) = a(-J)+0(b) 
which is in the same class as a, and has the same variety as b. 

To add games given like this you just add the classes and add the varieties: 

a (b) -f c (d) = (a + c) (b + d) , 
a (6) + c (d) = (a + c) (6 •+• d) , 

We’ve written a + c here because it doesn’t matter whether you use a-fc or a+c. 

There is a slight extension of this theory to cover games whose degree is less than d, 
provided they still satisfy the Stability Condition. Such a game has both 

an upsum variety. a + a (— d) , 

and , . _ , _ 

a downsum variety, a + a (d ) ; 

you use the former when taking upsums, the latter for downsums. For example, for the game 
ace, the two varieties are 

4 and 0, 

and so ace can be replaced by 14» when taking upsums, and by 10 when taking downsums. 
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Exercise Two. Find the degree of upon {pass|*}, and investigate all sums of upon and its 
negative. 

No Highway 



Figure 23. The Curious Cabs of Abnormal, 111. 

Figure 23 is a map of the town of Abnormal, 111., in which you can see that all the streets 
and avenues are one-way. A hundred years ago this was a bustling town with tram-cars in 
every (N-S) street, operated by members of the Linksman’s Labor Local; while the (E-W) 
avenues were served by elegant coaches manned by drivers of the Road Riders Regional. Sadly 
all this passed with the advent of the internal combustion engine, and only the two unions 
remain. For some time there has been an anxious truce; every cab (from the Greek Letter 
Cab Co.; you can see their new cab at the comer of 1st Avenue and 5th Street) has to carry 
one driver from each union, who takes the wheel when the cab is travelling in the appropriate 
direction. As there are only four cabs, competition for trips is fierce and there will always 
be a passenger wanting to travel one block in any legal direction (which is all the unions will 
allow!). The L.L.L. wants to keep the cabs running and will not allow two successive R.R.R. 
journeys. The R.R.R. , on the other hand, are trying to wreck the system by bringing the cabs 
to a halt and are prepared to forego their right to make a trip on just 3 occasions. 
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In other words, LLL and RRR move alternately just one block in an appropriate direction, 
except that the RRR may have 3 pass moves. The RRR will win if the LLL cannot make a 
trip on their turn and the LLL win just by holding on for ever. What does this mean in loopy 
game terms? 

Since all infinite plays win for the LLL, and 

7 (on) + = 7 + , 

we need only consider the onside of each position 7. So we want the onside of the sum 
k + X + h + u — 3, 

corresponding to the initial position and the 3 pass moves for the RRR. 

We’ll use the sidling process, starting with on at each intersection (Fig. 24(a)) and choosing 
a sensible order (Fig. 24(b)) in which to revise our estimates. We see almost immediately that 
the numbers in Fig. 24(c) are upper bounds, and just one more revision gives the final answers 
(Fig. 24(d)). 


1st 2nd 3rd 4th 5th 6th Street 1st 2nd 3rd 4th 5th 6th 

T i t l t l T l T i t i 



? I T l T l T i t i T [ 

6 th > 0 5 0 5 0 5 0 2*; 1; 0 0 2*|1||0 0 1 — 6th A ve. 

5th «- 1 4 14 14 1 2*| 1 1 2*| 1 1 3|1 - 5th Ave. 

4th — » 2 3 2 3 2 3 2 2. 2 2* 2 3 - 4th Ave. 

3rd - 3 2 3 2 3 2 3 2 2* 2 2* 2 |- 3rd Ave. 

2 nd -* 4 1 4 1 4 1 3|1 I 2*|1 1 2*jl 1 -* 2nd Ave. 

1st <- 5 0 5 0 5 0 10 2*|l|:0 0 2*|l'|0 0 - 1st Ave. 

(c) (d) 

Figure 24. Sidling Grabs Idling Cabs. 
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1st Si. 

2nd St. 

3rd St. 

t 

0 

4th St. 

5th St. 

10th Ave. -► 0 

4 *|3||2||ll|||0 

4*|3||2|||l||||0 

t 

0 

9th Ave. 1 

4 *|3|i2i,|l 

1 

4*|3||2|||l 

1 

8th Ave. — *■ 2 

4*13 1| 2 

2 

4*|3||2 

2 

7th Ave. ■*- 3 

4 *|3 

3 

4*|3 

3 

6th Ave. -► 4 

4* 

4 

4* 

4 

5 th Ave. ■*- 5 

4 

4* 

4 

4* 

4th Ave. -*■ 5|3 

3 

4*|3 

3 

4 

3rd Ave. 3 

2 

4 *|3|2 

2 

4|2 

2nd Ave. -»■ 3| 1 

1 

4*|3l'2Hl 

1 

2 

1st Ave. ■*— 1 

0 

4*|3||2 HI l||||0 

0 

2|0 

Figure 25. No Highway in a Town 

of Five Streets and Ten Avenues. 


It’s just as easy to solve the 

same kind of game in any rectangular town. Figure 25 shows 

the values for a 5-street, 10-avenue town, and you can guess that the value 


9*|8||7|||6|!||5|||||4||||||3|||||||2|||||||!1||||||||0 


will arise in a 20-avenue town. Where have we 

seen such things before? 


In Chapter 6 we saw that such overheated values arise in Domineering and in 

Seating Boys 

and Girls (though sometimes they were disturbed by infinitesimals) and that they are best 

expressed as integrals. We write J x for f lt x and * f lt x for » 

+ f x, and find 


/0 = 0, /! = 

i*. */i- 

1*|0. */ 

1 = 2 * |1|| 0, . . . , 


so that our previous display has value 





*/ 

ill 
>12 ' 



We also have / * = 1| - 1, so / 1* = 2 * 1*, etc 

allowing us to rewrite Figs. 24(d) and 25 as 

Figs. 26 and 27. 





fo */§ / 0 ./} ;o »/ 1 


fo 

*/S fo ./i 

fo 

*/ 1 / H */i fli */i P* 


*/ 1 

/ii *; 1 /ii 

•{ 1 

f 2 ./ 2 / 2 ./ 2 /2 ./ 3 


/ 2 

»/2f /2 */2| 

fo 

./ 3 / 2 . j2 {2 */2 f2 


*/ 3 

fH -fo M 

•fo 

J2, ./I /lj ./I /I* ./I 


fi 

•f 4 /« */4 

ft 

*/i f» */! fo */! fo 


•fo 

ft • ft ft 

•ft 



ff 

•fo foi .fo 

ft 



•fo 

f0 >M f 2 

•fo 



fo* 

•S 1 /i| */i 

fo 



•S i 

fo */{ t /o 

•ft 

Figure 26. Overheated Cabs. 


Figure 27. More Overheated Cabs. 
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Which union should win in Fig. 23? The four cabs are all at intersections of value * / | 
and so have total value 

*+*+*+*+/ (| + ! + ! + f) = 0 + /3 = 3*, 
and the allowance of 3 pass moves to the RRR subtracts 3 from this, leaving *, so whichever 
union starts first should win the game. 

In a well-fought game the first four moves should move all four cabs, after which 
will become 

l + */!+0 + l + */| + 0 . 

The next two moves should both be with the cabs that are now on 2nd or 5th Avenue, to 
make the sum 

2*+l, 

and the best next move is with the cab on 3rd or 4th Avenue. The cab-sum will then be 


3, 

making the whole game have value 

3-3 = 0. 

If RRR started, it’s now LLL’s turn and RRR can win by passing 3 times in succession. If 
LLL started, the RRR will find that their 3 passes aren’t quite enough; whether they use them 
or not, LLL will always find a place to move. 


Backsliding Toads-and-Frogs 



Figure 28. Backsliding Toads-and-Frogs. 
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This is played like ordinary Toads-and- Frogs (Chapter 1) except that the animals can slide 
backwards as well as forwards, but may not jump backwards. Here is the (1, l)j game (Fig. 
28). Find the onsides, starting from OFT < |on = 0, and check that the offsides are the same, 
with the values of the positions 0, *, 0, *, ... alternately; so whoever starts loses. 

Try analyzing the (1, 1)2 (one toad, one frog, two places between) and (2, 2)j games and 
check your results in the Extras. 



Extras 


Bach’s Carousel 

We tried quite hard to prove that every loopy game had stoppers for its onside and offside 
before Clive Bach, to whom some of the theory in this chapter is due, eventually found a game 
we call the Carousel (Fig. 29) which has several disturbing features: 



Figure 29. Bach’s Carousel. 


(i) its onsides and offsides are not equivalent to stoppers. 

(ii) there is some dominated move that cannot be omitted, 

(iii) if , in q — a, the first player always moves round the carousel, the second player cannot 
afford to do anything but make the mirror image move in the other component. 

Statements (i) and (ii) are proved as follows. As regards the onsides a + , (3 + , 7 + , <S + , the 
Carousel is equivalent to 
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____ K __ _ _ ■ 

i L i i i L i L i i i L i L i 

0 -1 -2 -3 -4 -5 -6 -7 -8 

1 I 1 - I t. L I 

.) .) ,j .) -j .( .( .j ,j 

0 l+f 2« 3-? 4 5+$ 6 * 7-f 8 

Figure 30. The Sides of the Sum of these Stoppers Are Not Equivalent to Stoppers. 

obtained by omitting the dominated Left option * of 7 and Right’s options 1 of /?, 1* of S. 
This has no reversible options from any position and only one dominated option (0 as a Left 
option of a). The proof of the Simplest Form Theorem now shows that any game in simplest 
form equivalent to a + must have the structure obtained by omitting this last dominated move. 

But if we omit the dominated Left option 0 of a + , the resulting game d, say, is not 
equivalent to a + ! You can check this by showing that Right can win d — a + . So a + has no 
simplest form, and cannot be a stopper. 

The reason why 0 cannot be omitted, even though it’s dominated, is roughly that Left can 
always arrive at a better position by taking another trip round the Carousel than by stepping 
off to 0 now. But there are circumstances in which he can win by stepping off sometime and 
won’t win by going roimd and round for ever! 

Question: Is there an alternative notion of simplest form that works for all finite loopy games 
(in particular, for the Carousel)? 

Bach also points out that the sum of the two stoppers sq and to in Fig. 30 apparently 
doesn’t have an onside or an offside equivalent to a stopper. (In Fig. 30. “semi-star”, is 

{*,tU*,o}.) 

Getting on in Checkers 

Here are two positions in the popular board game of checkers: 


Left’s black king is the only piece on the 2x2 board. Right has no possible moves, but Left 
can move to and fro. Formally, we have 

onto = {onfro|} 
onfro = {onto|} 


Proof of the Sidling Theorem 
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Both onto and onfro are instances of the game called on. In ordinary checkers dud arises 
when the board contains only two kings, of opposite colors, located in opposite double corners. 

Proof of the Sidling Theorem 

If the sidling process for a game a + converges when started from on, it produces upper bounds 
o(on), /?(on), 


for the various positions 


of a + , that satisfy 


[«i< {Ml [«“]>. ra<{MiM]}. 


(in fact with equality). We show that for any games [«],[/?],... satisfying these inequalities, 
we have 

[or] < o+, [fl < jS*, ... 

(and if [a] ,[/?], ... are also upper bounds we again have equality). 

We suppose therefore that Left is given survival strategies in each of the games 

{Ml [«*]}-[«]. (MiMJ-M. - 


Since the new strategy is quite hard to find, we shall suppose that Right kindly plat 
potential infinity of his more mathematically inclined servants, messrs. 


at the disposal of Left, and allows him to use the Great Hall, and various furnishings, of The 
Wright House, which is rather a grand establishment. 

On the far table in Fig. 31 is set up the real game a + — [a] which Left is to play against his 
real opponent, Right. But, even before play starts. Left instructs ro to bring in an additional 
table on which is set up the difference game 

{[Ml [““]>- {[M I [o”]> s °y. 

and a seat labelled S 0 , to be placed near the games 

{[<**•] | [<* R ]} = qq and - [a]. 
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V 




Figure 31. Sidling Strategy — Starting Seats. 


Left has, by the hypotheses of the theorem, a survival strategy, which we also call So, in the 
sum of these two games. The seat marked E, which was already in the Hall, is placed near 
the games 

a + and - Qo- 

As the game proceeds, Left occasionally instructs a new footman, r*, to bring in a new 
seat, Si, and a new table on which is set up a position of the form a t — a f . Footman r,- is 
detailed from then on to respond to a Left move in either a* or —a? with the mirror-image 
move in the other. In Fig. 32 we see a number of these tables, all marked with the positions 
in which they were originally set up. 

R 


L 


Figure 32. Right, Rado, Radon, . . . , Round to Rademacher. 

The seats So, Si,..., S m and E are placed between adjacent tables, and each corresponds to 
a strategy, of sorts, for playing the two games nearest to it. The strategies 5< are easiest to 
describe. When seat Si was first brought in, the games it was put next to were in a position 
of the form 

{[ 0 1 ] 1 1 / 3 "]} - V>\ 

for some position (3 of a; strategy Si is Left’s survival strategy for this game given by our 
hypotheses. 
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The two games nearest to seat E will usually have the form 

for some position 0 oi a. The “strategy” E is then the following sequence of actions. If Right, 
or rademacher, makes a move in either of these games, Left is to make the corresponding move 
in the other, making the compound position have the form 

7 -M 

for some position 7 = 0 L or 0 R of a. He then instructs a new footman, r m+ 1, to bring in a 
new table on which is set up the difference game 

{MlMMMlM). 

and a new seat, S m+ i, to be placed near to the games 

{[7^] I [7*] and - [7] 

for whose sum he has a survival strategy of the same name, S m+1 . The seat E is then 
repositioned next to 

7={lV , }a»d - {[I 1 ] I [7*]>. 

Left’s total strategy is therefore this. To any move, whether played by his real opponent, 
Right, or one of the footmen r 0 , ri, ..., he replies with the response given by the strategy 
corresponding to the nearest seat. The strategies S, are those for various differences a; — a;_i 
with ai > c*j_i that are given us by the hypotheses, while the strategy E requires just one 
“imitation” move, and a call for a new seat and table to be inserted. It is plain that this 
compound strategy always gives Left a reply in a game somewhere in the Hall, but it’s not 
entirely clear that he will eventually respond to any move in the real game with another move 
in that game, and perhap>s even less clear that he avoids loss in that game if it continues 
indefinitely. We now proceed to establish these facts. 

If infinitely many tables are brought in, then Left certainly makes infinitely many moves 
against his opponent in a + , and since all infinite plays in a + are wins for Left, he avoids loss. 

If not, we can imagine that no more tables are brought in than those shown in Fig. 32, 
say, and therefore 

sign (a + ) = sign (a m ) = 0. 

Now strategies So, S m arrange that 

sign([a]) < sign(ao) < sign(ai) < ... < sign(a m ) = 0, 

and so sign([aj) = 0 or — . If sign ([a]) = — , then Left certainly makes infinitely many moves in 
the real game a + — [a] and satisfies the REMAIN, ONTOP survival conditions for comparing 
loopy games. If sign([a]) = 0, the total play in all components is finite and Left makes the 
last move. This cannot be against a manservant, who always replies, so must be against his 
real opponent, Right. The Sidling Theorem is therefore proved. 

A form of the sidling process appears in Bob Li’s paper which first inspired us to attempt 
a general theory of loopy games. The main result of that paper is essentially the Sidling 
Theorem in the case when all onsides and offsides are numbers. 
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Answer to Exercise One 



It’s easy to check there’s 

no infinite alternating sequence of moves 

from any position of this 

game, so a, 0, 7, S are stoppers and we need only sidle in from one 

side, say from off. 

From the defining equations 



we find successively 

0 = M<*}, 

7 = {!■>}, 

= {7l/?}, 

a > {off |} = 0, 

0 > {o|o} = *, 

7 >{|0} = -1 

*>{-l|*} = 0, 

«>{0|> = 1, 

0 > {i|i} = 1 *, 

7>{|1}=0, 

S > {0|1*} = 1, 

°>{l|>-2, 

0 > {2|2} = 2*, 

7>{|2}=0, 

<5 > {0|2*} = 1, 

and the sidling has finished. In fact, sidling in from on is quicker. 


tis and tisn 




The onsides of 

tis = {tisn|} and 

tisn = { |tis} 


can be approximated by 

tis < {0|} = 1, 

tisn < {|on} = 0, 




tisn < {|1} = 0 


and the offsides by 

tis > (off |} = 0, 

tisn > { |0) = -1, 



tis > {— 1|} = 0, 



so 

tis = 1 & 0, 

tisn = 0 & - 1. 


To answer the question asked earlier about the outcome of 



tis + 

• 


when all infinite plays count as draws, note that Left wins by moving in *, since Right has no 
move in tis. But if Right starts he must play to tis + 0 and play will now be infinite, so the 

game is counted a draw. 
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upon 

The game upon has the stable degree 

d =t°"= {0| - upon*} (“up-onth”). 

In this case by adding upons and their negatives we get one class for each n = ... — 2, —1,0, 1, 2, ... 
and each class contains just two varieties 

(upon x n) (— d) and (upon x n) (d) . 

So to add two such things you just add the n’s the way you did at school and the d’s like this: 
d + d = d, (—d) + (—d) = —d, 
d + (— d) = d&(— d) = (— d) + d. 

Backsliding Toads-and-Frogs 
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Figure 33. Latent Loopiness in Backsliding (1, 1)2 Toads-and-Frogs. 


After sidling in on ( 1 , 1)2 Toads-and-Frogs we obtain only the not very loopy looking values 
0 and * as in Fig. 33. However there is latent loopiness which may show itself in actual play. 
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R R L L 

□FFTT ► FDFTT FFQTT -* *• FFTDT ► FFTTD 

off off hot on on 


on off 



□TFFT TDFFT « ► THU FT ► TFFDT ► TFFTD 


0 * 1|* 1 


0 0 



□FTTF ► FDTTF ■* ► FTQTF FTTDF *• FTTFD 

-1 *|-1 * 0 * 



Figure 34. Patent Loopiness in Backsliding (2,2)i Toads-and-Frogs. 
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The sidling process for the (2,2) i game is best done in the six separate stages of Fig. 34, since 
then you use the fact that any jumping move takes you to an already analyzed position. You’ll 
see that patently loopy values arise in the innermost portion (only). 

KOs in Go 

Loopy positions called “KOs” arise in the classical Asian board game known as Go. However, 
all dialects of the rules of Go forbid a player to make any move which repeats the same 
position that occurred on the board after his prior turn. Nevertheless, Go endgame positions 
typically decompose into sums of several regions which can be effectively treated as if they 
were independent games. A region containing a ko is then locally loopy, because the rule 
banning immediate recapture of the ko is global. 

Thermographs, masts, means, and temperatures now all play important roles in the study 
of Go engames. Berlekamp, Mueller, and Spight analyzed a collection of dozens of ko positions 
in 1996 which occurred in professional games. In 2002 Spight pioneered the study of a more 
refined methodology called “dogmatism.” Dogmatism always yields precise results, although 
the conditions of its applicability to real professional endgames can sometimes seem somewhat 
arbitrary. Spight and Fraser also report on interesting results on so-called “super-KOs,” which 
are Go positions whose game graphs contain loops of lengths > 4. A sidling-like technique, 
which obtains results via the rapid convergence of a small number of successive approximations, 
was introduced and analyzed by Fraser. 
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Games Eternal - Games Entailed 


If it was not for the entail I should not mind it. 
Jane Austen, Pride and Prejudice, ch. 23. 

The homed moon, with one bright star 
Within the nether tip 

Samuel Taylor Coleridge, The Ancient Mariner, pt. iii. 


What happens when you play a sum of games in a way that breaks some of the usual 
moving and ending conditions? The two main theories of this chapter are about impartial 
games — C. A. B. Smith’s for impartial loopy games, that might last forever, and our own new 
theory for games with entailing or complimenting moves. The harder theories of partizan loopy 
games and misere play of impartial ordinary ones are treated in the neighboring chapters. 

Have you noticed how the almonds at parties tend to get left in the nut-bowl because 
they’re too hard to crack? Here’s a nutty little game you can use to befuddle the other guests. 

Fair Shares and Varied Pairs 
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Take up to 10 almonds and arrange them in heaps on the carpet — we suggest you start with 
lots of twos and ones. Then challenge the guest who interests you most to a game of Fair 
Shares and Varied Pairs in which the moves are: 

Divide any heap into two or more equal-sized, heaps, FAIR SHARES 

Unite any two heaps of different sizes. VARIED PAIRS 

You win by completely separating the almonds (into heaps of size 1) after which your opponent 
has no legal move. There’s always at least one move from any other position, e.g. to shatter 
some heap into heaps of size 1. 

The funny thing about this game is that you can often return to a position you’ve already 
seen, not always with the same player to move. In fact it can be quite hilarious to watch an 
accomplished player spin the game round and round in several different circles before sneaking 
in the win. When the wimiing move comes, the opponent’s too giddy to work out just where 
they stepped off the carousel (especially if this came after another glass of wine). 



Figure 2. Fair Shares and Varied Pairs Positions with up to Six Almonds. (The dotted arrow refers 
to the variant Fair Shares and Unequal Partners.) 
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To keep your own balance in this game you’ll obviously need to know the P-positions. For 
instance, in the 9-almond game these are 

72, 54, 5211, 4311, 4221, 333, 321111, 222111, 111111111 

It’s easy to find these on a graph of the game — mark a position P only if all its options have 
been marked Af (in particular if it has no option) and mark a position Af if it has an option 
already marked P. We’ve done this in Fig. 2 for the games with up to 6 almonds. 

To win, of course, you must always move to a P-position. But if this is all you know, you 
might just conceivably find yourself going round and round Fig. 3 for the rest of time. You’re 
always moving to P-positions (in the boxes) but somehow you never seem to win. Why is 
this? 



How Soon Can You Win? 

The other thing you need to know about is the remoteness of the positions. Recall from 
Chapter 9 that the remoteness is the number of moves in which the winner can force his win 
and recall that a position is P or AS according as its remoteness is even or odd. But games 
with cycles can also have positions with infinite remoteness from which neither player can force 
a win because with best play the game continues for ever. 
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For such games we work out the remoteness of the positions in stages: 

Stage 0. Assign remoteness 0 to all terminal positions. 

Stage 1. Assign remoteness 1 to any position with an option of remoteness 0. 

Stage 2. Assign remoteness 2 to any new position all of whose options have been 

assigned remoteness 1. 

Stage 3. Assign remoteness 3 to any new position with an option of remoteness 2. 

Stage 2 n. Assign remoteness 2n to those new positions all of whose options have already 

been assigned smaller odd numbers (the greatest of which will be 2n — 1). 

Stage 2n + 1. Assign remoteness 2n + 1 to any new position which has an option of 
remoteness 2n. 

There May Be Open Positions (0-Positions) 

When you reach a stage where you’re unable to assign any more remoteness according to 
these rules, all other positions have remoteness infinity and the game will continue for ever 
with the best play. We call these open positions or 0-positions. Figure 4 shows all the 
P-positions (boxed) and some of the A/’-positions in Fair Shares and Varied Pairs played with 
up to 10 almonds, arranged according to their remoteness. If you want to win, remember the 
P-positions, especially the ones of low remoteness, but to avoid giving the show away you 
should not always take the shortest possible win. You can get a longer ride on the carousel by 
moving to P-positions of higher remoteness than necessary for a few times. Against a novice 
it’s often a good idea to move to A/"-positions of high remoteness, and wait for the inevitable 
mistake. 

It’s a remarkable fact that with 10 almonds or less there are no infinite games with best 
play. As soon as we get to 11 ahnonds, the situation changes dramatically: 

There is 1 P-position 1 11111111111 1 with remoteness 0, 

10 Appositions 2111111111, 311111111, 41111111, . . . with remoteness 1, and 
45 0-positions (all those with 2 or more splittable heaps). 

So the game is rather dull — even when played between an expert and a tyro who can only see 
one move ahead, it will go on for ever. 

If n is the sum of 2 primes, p and q, then in the n-almond game the “Goldbach” position 
|p, q | has remoteness 2, but we believe that for every n > 10 most positions are 0-positions. 

In any game we expect there to be more A/’-positions than P-positions, because a position 
with a P-option is automatically A/". If the game has a large number of cycles we should expect 
also a large number of 0-positions. (Fair Shares and Varied Pairs with 10 almonds or less was 
atypical.) So when analyzing such a game by hand it’s best to concentrate on the P-positions. 
You first find all the terminal positions — these are the P-positions of remoteness 0. Next you 
attack the P-positions of remoteness 2, which are those for which every move can be reversed 
to a terminal position. Continue until you have exhausted all the P-positions (or yourself). 
It’s usually a waste of ink to write down the A f- or 0-positions. 
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Figure 4. Positions with up to Ten Almonds. 
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De Bono’s £-Game 

In The Five-day Course in Thinking Edward de Bono introduces this little game (Fig. 5). 



Figure 5. How to Start the L-Game. 


It is played on a 4 x 4 board; each player has his own L-shaped piece which may be turned 
over, and there are 2 neutral lxl squares. A move has two parts: 

You must lift up your own L-piece and put it back on the board in another position. 

You may, if you wish, change the position of one of the two neutral pieces. 

If you can’t move, because there’s only the one place for your L-piece, you lose. 

To within symmetries of the board, there are 82 different positions for the Ls, and therefore 
62 x 28 = 2296 distinct positions in all. It’s not hard to show by hand that there are just 15 
P-positions of remoteness 0; one could then look for those of remoteness 2, etc., so reducing 
the work to just 29 2-move backward analyses. Rather than thinking forwards or laterally, 
think backwards! Fortunately, however, we don’t have to think at all, because V. W. Gijl- 
swijk, G. A. P. Kindervater, G. J. van Tubergen & J. J. O. O. Wiegerink used a computer to 
find an optimal move from each of the 2296 positions and identified the 29 P-positions, 1006 
Appositions and 1261 O-positions. The AP and P-positions are distributed as follows: 


remoteness 

0 1 2345678 9 

Total 

P-positions 

15 3 3 5 3 

29 

Appositions 

768 2 7 81 11 119 

1006 


If you're capable of seeing just one move ahead, you don’t need the complete list given in their 
paper. If you move to one of the 29 positions appearing in Fig. 6, and play well thereafter, you 
will win. Otherwise the game should be a draw by infinite repetition, unless your opponent 
has just left you in one of these positions with the roles reversed. In this case he probably 
knows what he is doing and you can expect to lose. 
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The positions in Fig. 6 have been oriented so that the red (active) L looks like an L. Try 
to make your L look like the blue (inactive) one. One of the neutral squares is printed green; 
the green numbers indicate possible places for the other, and tell you the remoteness of the 
resulting position. 

In the Extras you’ll find a longest sensible finishing game (remoteness 9) and N. E. Goller’s 
elegantly simple strategy which guarantees at least a draw from the initial position. 

Adders-and-Ladders 





Adders-and-Ladders 
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Great-Aunt Maude gave Jimmy and Ginny a compendium of games this Christmas, but 
most of the games were cheaply produced and not too interesting. The Snakes-and-Ladders 
game, for example, was only a 5 x 5 card with a plastic 4-numbered die that didn’t roll very 
well, and counters you couldn’t distinguish between, as in Fig. 7. They soon found that by 
sliding the die along the table they could “roll” any number the liked from 1 to 4, and so 
they abandoned its use and just moved any counter they liked up to 4 squares onwards. They 
agreed that any number of counters could be on the same square and that the person who 
moved the last counter home was the winner. 

Ginny soon noticed that when all the counters were on the top row it was what she called 
“that awful game with matches” . In our language the game is a sum of games with one counter 
and the values of the top row are 

|~21~| = *4, [li] = *3, [23] = *2, [24] = *1, [25] = 0. 

When you land on 1 20 | you instantly climb the ladder to 1 23 | , so 


and similarly 

E] = E 3 = *4, 0 = HU = 0, 0 = H 

And because there’s a snake from 1 19 | to [~7~| , 

[U-S 

but we don’t yet know the valu e of th ese tw o squares. 

But Jimmy discovered that 1 10 [ = 1 18 | is a P-position: 

m-m-o, 

for after any Ginny move from 1 18 | , Jimmy can get home in one: 


Ginny’s move 

HU -4 E]=0 

El — * H = E] 

El — > HU 

HU — * HU 


Jimmy’s reply 


E=m 

H 

HU 

E 


Figure 8 shows the values we shall find for Adders-and-Ladders (and a simplified copy of 
the board for reference). A square at the foot of a ladder or head of a snake is not really a 
genuine position because a counter cannot stay there. Their values (red in Fig. 8) are simply 
copied from the other end of the (l)adder. The loopy values 00012 and 0012 will be explained 

Because the game has cycles we are sometimes forced to compute the value of a position 
before we have evaluated all its options. Thus Jimmy was able to show that 

E = o. 

despite the question mark in 

[Ul = ?, [20] = *2, \ n \ = *4, [22] = *3, 

because the questionable option is reversible to 0: 

nn = e — ► in = m = 0 . 
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Figure 8. Adders-and-Ladders Values. 


In general: 


If we have worked out the values 
*a, *b, *c, ... 

of some options of a position G and 
m = mex (a, b, c , . . .) 
then we can assert 
G = *m 

provided that the other options of G 
all have reversing moves to positions 
already known to have value *m. 


CALCULATING ANSWERS BY SMITH’S RULE 

When the proviso is satisfied G can be replaced by *rn in any sum for the usual reason — it 
has moves corresponding to all those of *m and any other move is just a delaying move which 
can be reversed to *m. 

Jimmy and Ginny d idn’t analyze their game much further, but we can, using this idea. For 
example the options of 1 16 | are: 

[771 = ?, [if] = o, [77] = ?, [To] = *2 

and mex (0,2) = 1. So, because 1 17 1 and 1 19 1 have reversing moves to *1: 





Adders-and-Ladders 
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0- 

0=0 


E-HU- 


we can evaluate 

m]= *!■ 

Sometimes we can find the value of a position before evaluating any of its options. For 
example we could have proved that QT| = 1 13 | = 0 by observing that all its options are 
reversible: 



Here’s how we justify the other non-loopy values in Fig. 8: 


0 = 0 = *2 
because 

0=*2 

0=0=*1 

0 = 0 N 
0 = 0^ 

0 = 0 = 0 

0 = US - o 

0 = 0 = .4 

and 

0 = 0 

mex(0,l,4) = 2 

mex(0,l) = 2 


0 = »i 0 = □ = * 2 


0=0=0 

m =0 


[D-.i 
0 = 0 = o 
0^.0 = ,2 
0 ^ 


mex(O) = 1 mex(0,l) = 2 


But now there’s no other position we can work out this way. In general when you’ve 
forged ahead as far as you can with Smith’s Rule there often comes a stage when the analysis 
falters because there’s no other position to which the Rule applies. All positions that are still 
unlabelled at this stage are called loopy and are not equivalent to Nim-heaps. 


If the non-loopy options of a 
loopy position G have values 
*a, *b, *c, . . ., 
we say that G has value 

OO abc...- 


VALUES OF LOOPY POSITIONS 
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In particular, 

[TT] = [0 = QD = 00012 
0 = 0 = 0012 

as we see from their options: 


0 = 0 


hi] = 03 = 


and the remarks: 


^0 = 0 

mex(0,l,2) = 3 



0 

*2 


mex(l,2) = 0 


0’s unmarked option 0 has no move to an established *3; 

0’s unmarked option 0 has no move to an established 0 
(although 0’s other unmarked option, 0, can be reversed to 0). 

There are rules for adding these loopy games and Games with ordinary nimber values. The 
usual Nim Addition Rule allows us to replace the non-loopy Components by a single Nim-heap, 
*n, say. 


With no loopy components, 
f V if n = 0, 

* niS \ Af if not. 

With one loopy component, 

. ( A/ - if n is one of a, b, c, . 
“ w " + * n,s \ Doth™ 

and has total value oo abc... 
where A = a n, B = b%n, ... . 
With more loopy components, 

O0o6c... + ooap-,... H is always O. 

and has total value oo. 


ADDING LOOPY VALUES 

What should Jimmy do from the Adders-and-Ladders position of Fig. 7? The values of the 
three counters, read from Fig. 8, are 

0 = .2, 0 = oogu, 0] = .3, 

so the position is really 

00012 + *1 = 00103 - 
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Jimmy’s unique winning move is from [5] to [§] (and so up the ladder to ] 24 [ ) since [§] = *1. 
If instead he moves from [T] to [ 3 ] = 1 13 | = 0, or from [T] to [T] = 0012 , the value becomes 
00012 + *3 = 00321 or 00012 + °Oi 2 + *3 = 00 

and Ginny will make sure the game continues forever (unless Jimmy makes another stupid 
move). Had he moved from [T] to [ 2 J = * 1 , the value would be 
00012 + * 2 (= 00230) 

and Ginny would instantly move from [5] to [7] = *2. 

Just How Loopy Can You Get? 

Loopiness may be latent, patent or even blatant! 

Some positions admit circular chains of moves that need never arise in best play, even when 
you’re adding them to other (non-loopy) games. This kind of loopiness is really illusory; unless 
the winner wants to take you on a trip you won’t notice it. Such positions have the same kind 
of values *n as non-loopy ones, and are only latently loopy. 

Other positions reveal their loopiness in their values: 

OOabc... 

and so are patently loopy. However if one of the subscripts is zero the loopiness only affects 
best play when the game arises in a sum. If the game is played by itself it should take only 
finitely many moves. 

If no subscript is zero the position is blatantly loopy. The best move from such a position 
is to another of the same type and so a well-played game will last for ever. 

Fair Shares and Varied Pairs exemplifies all three cases. Table 1 will show that with 9 
almonds or less, all the loopiness is latent, while with 11 or more almonds almost all positions 
are blatantly loopy, often having the loopiest possible value 00 . With exactly 10 almonds there 
are lots of loopy positions, but none of them is blatantly so. For example 4321 with value 000 
is an Apposition (move to 421111) but 4321 + *1 is an 0-position. 


Corrall Automotive Betterment Scheme 

Figure 9 is a view of Corrall Island, which was a Charming Antipodean Beauty Spot before the 
Corrall Automotive Betterment Scheme, financed by the island’s three wealthy landowners, 
built those expensive new super-highways. The island’s two political parties (Left and Right) 
are now running for election and the gallop polls predict a walk-over for whichever party puts 
the last car on the scrap-heap. The parties have already enforced the one-way system indicated 
and each will alternately bribe a chauffeur to drive his car along one highway (in the proper 
direction) to the next intersection. You will see that there is no legal move away from the 
scrap-heap. How should we advise the ruling party, which must make the first move? 
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Figure 9. Corrall Automotive Betterment Scheme. 

This is exactly the same kind of game as Adders-and-Ladders, but played on a rather more 
ingenious graph. Figure 10 shows the values, and with each non-loopy value, the stage at 
which we justified it, starting with the scrap-heap at stage 0. The C.A.B.S. Rule enables us to 


assign value *m to a position G at stage k, 
provided that G has options which have been 
assigned values *a, *b, *c, ... with mex(a, b,c , ...) = m at earlier 
stages, and that all other options have moves to positions 
assigned *m at stages earlier than k. 


CALCULATING ASSIGNMENTS BY STAGES 

For example, the node F which we labelled *1 at stage 5(*l@s) had an option E labelled 
0 at stage 1, and the only other option (C, for which we later found the value 0013) had a 
reversing move to D, labelled *1 at stage 4. This is actually the unique winning move from 
Fig. 9. 
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Figure 10. Graph, Values and Stages for Corrall Automotive Betterment Scheme. 

So long as you label at least one node at each stage, and continue until Smith’s Rule is 
no longer applicable, you’ll get the correct values. But if you always label each node at the 
earliest stage you can (as we did for Corrall Island), you’ll have a bonus: 


The number of the earliest stage 
at which you can label a position G 
with value *n is half the remoteness of 
(G 4- a Nim-heap of size n). 


CELERITY ADDS BONUS STEINHAUS 

Sharing Out Other Kinds of Nut 

You can use these ideas to play a sum of games of Fair Shares and Varied Pairs. This time you 
use some heaps of Cashews, some heaps of Almonds, some heaps of Brazils, and later on we’ll 
add a heap of Sweets. No heap may contain two different kinds of nut, but otherwise the rules 
are as before — you may split a heap into equal smaller ones or unite two heaps which contain 
different numbers of the same kind of nut. Table 1 contains the value and the earliest stage 
at which it can be assigned for each position with at most 10 nuts of one kind. You might like 
to practise your skill by recalculating some of these from the graphs shown in Fig. 2. 
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1 

0®o 

1111111 

0®o 

111111111 

0®o 

1111111111 

0®o 



52 

0®i 

72 

Ooi 

55 

Oqi 

11 

0 ao 

7 

*l®i 

54 

0®2 

73 

Ooi 

2 

*1qi 

43 

0®2 

5211 

0®3 

5311 

0®2 



511 

*1®2 

4311 

0®4 

331111 

0®3 

111 

O'qo 

3211 

0®3 

321111 

0®5 

22111111 

0®4 

3 

*1®j 

31111 

*1®3 

333 

0®s 

3322 

0®5 

21 

*2ffl 2 

2221 

0®4 

222111 

0®6 

421111 

0@5 



22111 

* 1 ® 4 

9 

*1®6 

4411 

0q5 

mi 

Oqo 

211111 

*2®4 

4221 

0®7 

222211 

0®6 

22 

0<*l 

331 

*2®4 

711 

*1®7 

4222 

0® 7 

4 

*1®2 

421 

*1®5 

51111 

*1®8 

82 

0®7 

211 

*1®3 

322 

*2®5 

3111111 

*1®9 

22222 

*1®7 

31 

*2®3 

4111 

*2®5 

441 

*1®9 

10 

*2®g 



61 

*3®5 

2211111 

*1®10 
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OOoi 

11111 

0 Q o 



42111 

*1®10 

64 

0002 

32 

Ooi 
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0®o 

21111111 

*2®io 

91 

0002 

5 

*l®i 

53 

0@i 

33111 

*2®io 
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*1®2 

3311 

0®2 

3222 

*l®n 
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221 

*ly3 

221111 

0®3 

3321 

«l®u 

of 10 not listed 


2111 

*2«j,3 

2222 

0®4 

32211 

»2®ji 

here each have 


41 

*2®4 

4211 

0®4 

411111 

*2®n 

value ooo. 




44 

0®4 

522 

*2®n 



111111 

0«o 

8 

*1®5 

6111 

*3®n 



33 

0®i 

422 

*1®6 

22221 

*2®12 



2211 

0n2 

71 

*2®6 

63 

*2®12 



42 

0®3 

22211 

*1®7 

432 

*3®13 



222 

*1®3 

5111 

*1®8 

81 

*3®13 



51 

*1®4 

611 

*3®8 

531 

*4®14 



6 

*2®4 

311111 

*1®9 

621 

*4®14 



3111 

*los 

332 

*1®9 





411 

*2®5 

41111 

*2®9 





21111 

*2®6 

2111111 

*2®io 
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*3®7 
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*2®n 







32111 

»3®ii 







521 
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62 

*4® ii 
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Table 1. Values and Stages for Fair Shares and Varied Pairs. 


Fair Shares and Unequal Partners 

In this variation you are also allowed to combine three or more heaps, all of different sizes (the 
dotted arrow in Fig. 2 represents such a move). This alters only a few of the values; you can 
find the details in the Extras. 
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Sweets and Nuts, and Maybe a Date? 

But let’s imagine that the guest you’re interested in has another game in mind, and promises 
to make a date if you win the following variation. You play an ordinary game of Fair Shares 
and Varied Pairs with 9 almonds, but as an alternative to moving, either player may eat a 
number of the toffees you can also see in Fig. 1. What result should you expect if you’re to 
start from the position of that figure? 

The Additional Subtraction Games 

Remember that in the Subtraction Game S(a, b,c , ...) you are allowed to take away a or b or c 
or ... beans from any non-empty heap. What happens if some of a,b,c, ... are negative? Since 
we then find ourselves adding beans to a heap, such a game might go on forever, and we need 
the Smith Theory to analyze it. Table 2 gives some typical values. 

_n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

S(— 1,2,5) Oao Oai 2@3 la 2 0®i 3as 2a4 1®3 0e2 3ae 2@s 1®4 0®3 3®7 2®s 1@s 

S (-2,4,5) 0®o I 02 0®i 0®i 1®3 2as 3®7 la4 2a6 00 12 0023 00 13 0012 002 00 00 

S(-l,3,8) 0®o 1®2 O 01 I 03 0®2 I 04 O 03 las 2o7 3a7 2o6 0®3 las 0a4 las 0®s 

S(-2,3,8) Oao 0®i 0®2 2®4 1®2 1®3 0®i 0®2 2®4 2®s 1®3 1®4 0®2 0®3 2®g 2®6 

S(-2,4,10) 0®o 00 0®i 00 2®3 00 1®2 00 0®i 00 3®s 00 2®4 00 1®3 00 

Table 2. Values and Stages for Some Additional Subtraction Games. 

Horsefly 

A Horsefly’s moves are 6 of the 8 possible moves of a knight in Chess (see Fig. 11) but there’s 
another restriction: it can never exactly reverse the last move it made (even if other horseflies 
have moved meanwhile). The game shown in Fig. 11 is won by whoever lands the first horsefly 
at a winning post. Would you like to play first? 



Figure 11. A Game of Horsefly, 
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Selective and Subselective Compounds of Impartial Games 

In the same paper that deals with loopy impartial games, C. A. B. Smith discusses selective 
compounds in the impartial case. The answers are very easy. In the normal play case, 

G V H V . . . 


is a ^-position only when all of 

are. The misere play outcome coincides with the normal outcome unless there is only one 
game that has not yet ended. 

Smith has also discussed what we shall call subselective compounds in which the legal 
move is to move in any selection of components except the whole set. Such a compound is a 
^-position only when the nim-values of all its components are equal. (If they’re not all equal, 
you should find the lowest and reduce the rest to coincide with it.) 


Entailing Moves 

Top Entails is a new type of heap game, played with stacks of coins. You must either split 
a stack into two smaller ones or remove the top coin from a stack. In the latter case your 
opponent’s next move must use the same stack. Don’t leave a stack of 1 on the board, because 
your opponent can remove it and then demand that you follow with a move in the resulting 
empty stack! 

The theory of sums of games when such entailing moves are allowed appears for the first 
time in Winning Ways. In such sums 

A + B + C + . . . 

you may make a move in any component, unless your opponent has just made an entailing 
move somewhere, when you are required to follow him with a move in the same component. 
Often the best reply to one entailing move is another, and we might have a sustained rally of 
entailing moves in the same component. 

The theory of such games reduces to Nim in a new way. The typical component A has a 
whole collection 

do < ai < 02 < a 3 < . . . 

of nim-values, only the least of which, ao, is relevant, unless the component has just been 
reached by an entailing move, when all are relevant. To compute new values: 


The complete set of nim-values for G 
consists of all numbers 
9o < 9i < 92 < — 

not among the relevant values for options of G. 
Only go is relevant 
unless the move to G is entailing. 
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And to find good moves: 


A move to 
A + B + C+... 

that entails a reply in component A 
is good whenever there is any a* for which 
*a,- + *&o + *co + • • • = 0 
while a non-entailing move to this position 
is good, as usual, just when 
*ao + *l*o + * c o + . . . = 0. 

To see that these rules work, if the current position 

A + B + C + ... = G, 


of total value 

*a 0 + *6 0 + *c 0 + ... = *go, 

is not entailed, then, much as in the ordinary theory, the nim-values of its options include 
every number less than g 0 . but not go itself. If the move to A was entailing, the total values 
after possible moves are precisely those nimbers not of the form 

*Oj + *6 0 + *£o + 


Here is a table of values for Top Entails: 


0 

® 

10 

* 1 , 4 -+ 

20 

* 2 , 5 , 

8 -+ 

30 

* 2 , 7 -+ 

40 

* 1 , 4 , 8 , 9,12 -+ 

1 


11 

* 3 . 

21 

* 0 , 1 . 

7 . 

31 

* 0 , 5 . 

41 

* 6 , 7 , 11 . 

2 

® 

12 

*4 -+ 

22 

* 3 , 4 , 

6 , 8 -+ 

32 

*8 -+ 

42 

* 2 , 5 , 8 , 10,12 -+ 

3 


13 

* 0 , 2 . 

23 

* 2 , 5 . 


33 

* 1 , 6 . 

43 

* 9 . 

4 

*1 -+ 

14 

* 3,5 — + 

24 

*7 -* 


34 

* 5, 9 — + 

44 

* 3 , 6 , 7 , 8 , 11,13 - 

5 

* 0 . 

15 

* 4 . 

25 

* 3 . 


35 

* 0 , 7 , 8 . 

45 

* 0 , 2 , 4 . 10 . 12 . 

6 

* 2 -+ 

16 

* 2,6 -+ 

26 

* 1 , 4 , 

6 , 8 -+ 

36 

* 1 , 6, 10 -+ 

46 

* 5 , 7 , 8 , 9,13 -+ 

7 

* 1 . 

17 

* 5 . 

27 

* 7 . 


37 

* 4 , 5 , 9 . 

47 

* 3 , 6 , 10 , 11 . 

8 

*3 — y 

18 

* 1 , 3 , 4, 7 — + 

28 

* 3 , 5 , 

8 -+ 

38 

* 7 , 8,11 -+ 

48 

* 4 , 8,12 -+ 

9 

* 0 , 2 . 

19 

* 6 . 

29 

* 4 , 6 . 


39 

* 10 . 

49 

* 2 , 7 , 9 , 10 . 


Sunny and Loony Positions 

In our tables 

*n — + 

denotes all nimbers from *n onwards, and 


all nimbers other than *n. 
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So 

means *5, *6, *7, *8, *9, ... 
means 0, *1, *2, *3, *4, *6, *7, *8, ... 
means 0, *1,*7 
means *3, *4, *6, *8, *9, *10.... 

(•) (“sunny”) 


0, *1, *2, *3, *4, ... 

(“loony”) 

for the empty collection, of no nimbers. What do these mean in practice? 

When we defined Top Entails we warned you not to leave a stack of 1 because your opponent 
could remove it and demand that you follow with a move in the resulting empty stack. Your 
move would be loony, his sunny. In general: 


A sunny move in a component is one that 
wins for its maker, and 
a loony move is one that loses for him, 
no matter what other components there arc. 


*0,1,7. 

and *3,4,6, 8 - 


But we’ll often use 


instead of *0 — > for the collection 
of all nimbers, and 


In Top Entails both possible moves from a stack of 2 leave at least one stack of 1, so a 
move which entails your opponent to move from a stack of 2 is sunny. It’s therefore loony to 
leave a stack of 3 (entailed or not) because your opponent can reply with this sunny move. 
Remember that 

® means 0, *1, *2, *3, . . . , 

and that only the earliest value is relevant for non-entailing moves, so a stack of 2 reached by 
an ordinary move has the ordinary value 0. 

Calculating with Entailed Values 

Figure 12 shows how we found the values for Top Entails. The Grundy scale is set to compute 
the values for a 14-stack, S14. For the non-entailing moves to 

Si+s 13 , S 2 + S 12 , S 3 + Sn, S4 + S10, S5 + S9, S 6 +Ss, S 7 + S 7 

only the earliest values are relevant: 

T) + 0, 0 + *4, T> + *3, *1 + *1, 0 + 0, *2 + *3, *1+*1, 
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yielding 


% *4, T>, 0, 0, *1, 0, 

while the entailed option S13 has two values: 

0, *2. 

The values for S14 are the remaining nimbers 

*3, *5, *6, *7, *8, . . . 

and so we should write 3,5 in the next place on the lower scale, and 3 


the upper one. 


© (p © (P - o ^ 


ci to in co 



Figure 12. Grundy Scale Set to Calculate S 14 S Values. 


The position 


S 2 + Se + Su 


has value 


0 + *2 + *3 = *1, 

so there should be a good move reducing 5j4 to value *2. Our analysis shows that this must 
be the entailing move to S13. If we make this, our opponent is forced to replace S13 by one of 


Si + S12, S2 + Su, S3 + S10, S4 + S9, S5 + S 8 , Sq + S7 and S12 (entailing) 

whose values 


*$>, 0 4- *3, “D, *1+0, 0 + *3, *2 + *1, *4, *5, *6, ... 


do not include *2, so the values for the whole position will not include 0. 

Of course, since represents the empty set, we have the obvious addition rules 


> + * n = *£> (n = 0, 1, 2, . . .), 

T) + T)=T). 


We don’t know if Top Entails contains a loony stack of more than 3 coins. The first few 
single-stack P-positions are 


So, S 2 , S 5 , S 9 , S,3, S21, S 3 x, S 35 , S 45 , S57. 
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Nim with Entailing Moves 

It’s easy to analyze any version of Nim in which we declare that some of the moves are to be 
entailing. As our first example we’ll suppose that a move is entailing only when it decreases a 
heap by exactly 1. Even the move that replaces a heap of size 1 by the empty heap is entailing; 
since the other player cannot follow it, such a move is an outright win. 

The values have an obvious pattern: 

012345678... 

(® =) * 0 -4 *1 -4 *2-4 "S> *3 -4 *t> *4 -4 ... 

To see why this pattern continues, observe that a heap of size 9 is loony because we have 
non-entailing moves to heaps of sizes 0, 2, 4 and 6, values 0, *1, *2 and *3, and an entailing 
move to a heap of size 8, values *4 —4, covering every possibility. And a heap of size 10 has 
values *5 —4 because the only non-loony moves are non-entailing, to heaps of sizes 0, 2, 4, 6 or 
8, values 0, *1, *2, *3 or *4. 

When the move which empties a heap of size 1 is declared non-entailing, it’s no longer 
loony to leave a 1-heap, and the rest of the pattern shifts, making the even heaps loony: 


0 1 2 3 4 5 6 7 8 9 10 11 12 ... 

*0 -4 *1-4 ^ *2 —> T> *3 -4 *£> *4-4 ^ *5 -4 *6—4 *S) ... . 

We might instead play the game N(a, b, c , ...) which is Nim in which moves that reduce the 
size of a heap by a or b or c or ... are declared entailing (even when the next player is unable 
to move in the reduced heap). The theory is easily deduced from that of the corresponding 
Subtraction Game S(a,b,c , ...) (see Chapter 4). 

Here are the value sequences for 5(2, 5, 7) and iV(2,5,7): 


5(2, 5, 7) 

0 . 

0 11 

0 2 1 3 2 2 

0 3 1 

0 

0 

112 2 3 

3 

2 

n 

0 

1 2 3 

4 5 6 7 8 9 

10 1112 

13 

14 

1516171819 

20 

21 

N( 2, 5, 7) 

*0-4 

*1 "i> 



*4 —4 

*5 




n 

22 

23 2425 

26 2728293031 

32 3334 

35 

36 

3738394041 



N( 2, 5, 7) 

*6 -4 

*7-4T>T) 

*8 -4Y>Y>1>T>Y> 

*9 -4T>T> 

*10-4 

*11 

-4T>T>T>T)T> 




You will see that every non-zero value of 5(2, 5, 7) becomes loony in N( 2, 5, 7) and that the 
remaining values for N( 2, 5, 7) are just 


*0 -4 *1 -4 *2-4 *3-4 *4 -4 . . . 

in order. 

For a heap H in such a game, if the non-loony values of smaller heaps are 
*0 -4, *1 -4, *2 -4, ... , *(n - 1) -4, 

then 

*0, *1, *2, . . . , *(n — 1) 
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certainly appear among the options of H. If none of the corresponding moves is entailing, the 
values of H are therefore *n -4, but if any of these moves is entailing, then all nimbers appear 
among the option values, so H will be loony. 

For example, the non-loony option values for a heap of size 27 in N(2, 5, 7) are 
*0, *1, *2, *3, *4, *5, *6 *7, *8 

(since the move to a heap of size 22 is entailing), so this heap is loony. 

In general 


in a Nim game with any 
collection of moves declared 
entailing, the values are 
*0 -4,*1 -4, *2 -+, *3 
in order, interspersed with 
blocks of loony positions. 

If we modify N( 2, 5, 7) by disentailing the moves to 0-heaps we obtain 
n 0 1 2 34 5 6789 10 

® *1-4 *2 -» *i> *3 -> T> *i> D 

and if we also disentail moves to 1-heaps: 
n 0 1 2 3 45 6 789 10 

® *l-> *2 -4 *3->D*S> *4-> *S> 

After their initial terms these patterns are obtained by displacing that for N( 2,5,7) (and 
increasing the nimbers by 1 or 2). 

Goldbach's Nim 

The same kind of argument works no matter what exotic conditions are required for a move 
to be entailing. Goldbach declares that a move is entailing just when it both takes a prime 
and leaves a prime. If we don’t count 1 as a prime, the first few non- loony values are, for n = 
0 1 2 3 11 12 17 23 27 29 35 37 38 . . . 

® *l-» *2 -4 *3 -4 *4-> *5 -4 *6 -4 *7 -4 *8 — » *9 -> *10 -4 *11 -> *12-»... 

But Goldbach considered 1 to be prime and so for his form of the game we find that the only 
non-loonies are 

0 1 5 9 11 15 17 21 23 27 29 33 35 37 ... 

® *1 -4 *2 -4 *3 -4 *4 -4 *5 -4 *6 -4 *7-4 *8-> *9 -> *10 -4 *11 -4 *12 -4 *13 -> ... 
For this game we can prove that an odd number n > 7 is loony just if n — 2 is prime and n — 4 
is not. We are sure that Goldbach believes that all even numbers are loony: an even number 
n is non-loony only if for every expression 

n=p+ q 

of n as the smn of 2 primes, each of p and q is either 3 or the larger member of a prime pair. 
A near miss was 122; can you find its unique entailing move to a non-loony position? 


11 12 
*4 -> *9 
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Wyt Queens with Trains 

If you don’t remember the game of Wyt Queens, look at Fig. 5 on p. 60 in Chapter 3. The 
Queens moved either orthogonally or diagonally towards the corner of the board. Let’s see 
what happens when some of the moves are declared entailing. Table 3 shows the values when 
we declare that just the orthogonal moves are entailing. The zeros are in the same places as 
in the ordinary game and each begins a diagonal trail, 0, 1, 2, 3, ...,; apart from these the values 
are loony. 


0 1 2 

0 0 -> 

1 1 -> 0 . 

2 0 . 2 -+ 

3 1. 


5 

6 
7 




3 


4 5 6 7 


8 9 10 11 


3. 2. 0. 
6. 4. 3. 


Table 3. Entailing Orthogonally and Trailing Diagonally. 


If instead we declare that just the diagonal moves are entailing we get a much more inter- 
esting game, Off- Wyth-Its- Tail!, whose values appear in Table 5. This time the non-loony 
values except zero form corridor-like trails in the two orthogonal directions. The zero values 
would begin the corridors if they were displaced one diagonal place. 

There are lots of changes you can make to the entailing rules in this game which don’t 
affect the values. So long as you 

don’t entail orthogonal moves along the boundary, and 
do entail diagonal moves onto the boundary, 

the other moves may be entailing or not, and the values will stay the same. 


difference d: 


it: 

0 

1 

2 

3 

4 

5 

6 

7 

0 

(0,0) 








1 

(1,2) 

(0,1) 







2 

(3,5) 

(2,4) 

(0,2) 






3 

(4,7) 

(3,6) 

(1,4) 

(0,3) 





4 

(6,10) 

(5,9) 

(3,7) 

(1,5) 

(0,4) 




5 

(8,13) 

(7,12) 

(5,10) 

(2,7) 

(1,6) 

(0,5) 



6 

(9,15) 

(8,14) 

(6,12) 

(4,10) 

(2,8) 

(1,7) 

(0,6) 


7 

(11,18) 

(10,17) 

(8,15) 

(6,13) 

(3,10) 

(2,9) 

(1,8) 

(0,7) 

8 

(12,20) 

(11,19) 

(9,17) 

(8,16) 

(5,13) 

(3,11) 

(2,10) 

(1,9) 


Table 4. Coordinates of Values in Table 5. 
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Table 5. Entailing Diagonally and Trailing Orthognally. 
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The Difference Rule that we gave in the Extras to Chapter 3 for the ^-positions in 
Wythoff’s game extends to a rule for all non-loony values in Off-Wyth-Its-Tail! Any de- 
sired k is the nim- value of infinitely many positions (x,y), one for each difference d > k, as in 
Table 4. The pair with difference d in any column of this table is found as (x, x + d) where x 
is the smallest number that doesn’t appear in the higher pairs of that column. Write to us if 
you can prove all our statements about this game in a few lines — our proofs are longer. 

Adding Tails to Prim and Dim 

We met Prim and Dim in Chapter 4. In Prim you may remove m beans from a heap of n 
provided m and n have no common factor bigger than 1 (“provided m and n are coprime”). 
We shall now add the condition that when one player reduces a heap by 1, his opponent must 
follow in the same heap. In other words, reduction by 1 is an entailing move. 

There are several cases: in the first version, reducing 1 to 0 is a legal move. If this move is 
declared entailing we obtain rather trivial nim- values: 

n=0 1 2 3 4 5 6 78 9 10... 

®^>®^>® 1 >® 1 )® 1 >® .... 

If 1 to 0 is legal but not entailing we find: 

n = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

*0 *1 -+ *0 *2 — + *0 *3-+ *0,2 *4-+ *0 *2,5 — + *0,3 *5 -+ *0,2 *6 -+ *0,4 

n= 15 16 17 18 19 20 21 22 23 24 25 

*2,3,7 — + *0 *7 — » *0, 2 *8 — + *0, 3 *2, 4, 9 — + *0, 5 *9 — + *0,2 *3, 10 -> ... 

while if 1 to 0 is illegal and the move 2 to 1 is entailing: 

n = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 

- ® T> *1-+T> *2-+ *1 *3-+*i> *1,4 -+ *2 *4-+ *1 *5-+ *3 *1,2,6-+ *6 -+ 

n= 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 

*1 *7-+ *2 *1,8-+ *4 *8-+ *1 *2,9 — + *5 *1,9-+ *3 *9 -+ *1,2 *10-+ T) *1,4,11-+ ... 

In Dim, the move is to take a divisor off any heap, and now we shall add the condition 
that reduction by 1 is an entailing move. The values are: 

n = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

® T> *1-+T> *2 — + *1 *3 — + *1,2 *4 — + *1,2 *3,5-+ *1,2,4 *5 -+ *1,2, 3, 4 *6 -+ 
n — 15 16 17 18 19 20 21 22 23 24 

*1,2,4 *3,7 — + *1,2, 4, 5, 6 *7 -> *1,2, 3, 4, 5, 6 *8 -+ *1,2, 3, 4, 5 *6,7,9-+ *1,2, 3, 4, 5, 8 *9 -+ 

n— 25 26 27 28 29 30 31 32 ... 

*1,2, 3, 4, 5, 6, 7 *8, 10 -+ *1, 2, 3,4, 5, 6 *7, 10 -+ *1, 2, 3, 4, 5, 6, 8, 9 *10 -+ *1, 2, 3, 4, 5, 6, 7, 8, 9 *11 -+ 

If the move n to 0 is made illegal and that from 2 to 1 is not entailing, *0 is adjoined to 
the values of all odd heaps. 
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Complimenting Moves 

In some games there are special complimenting moves, after which the same player has an 
extra bonus move. This happens in Dots-and-Boxes (Chapter 16) when a box is completed 
and in many children’s board games when a double-six is thrown (to him that hath shall be 
given). The bonus move is quite free and can even be another complimenting move. One 
player may be twiddling his thumbs for quite a while while his opponent takes a whole string 
of consecutive moves. We can think of these thumb-twiddles as entailed pass moves whose 
only function is to make the turn alternate. 

Let’s cook up an example. All Square is a heap game in which the move is to split any 
heap into two smaller ones, and the complimenting moves are just those for which the heap 
sizes of these smaller ones are both perfect squares. When you’ve made a complimenting move 
you must move again — if you can’t do so you lose — a back-handed compliment! Here are the 


values for 

All Square: 














n = 1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

14 

16 

17 


0 

*1 

EH 

*2 

*1 

0 

1> 

ED 

■*£ 

0 

*1 

*3 

*2 

*1 

0 

0 

n =18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 


*4 

*2 

*1 

*3 

*2 

*1 

0 

T> 

*3 

*4 

T> 

*1 

0 


*4 


n =35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

*5 

0 

*3 

*2 

*1 

T> 


*3 

*4 

*1 

T> 

*3 

*2 

*1 

0 


*3 

n =52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 


*4 

*6 

*3 

*2 

*4 


*2 

*3 


*2 

*8 

0 

T) 

*4 

*1 

T) 

n =69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 





*3 

*5 

*4 

T> 

T> 


0 

*1 

*7 

*3 

*5 

T> 

\*±\ 






To help you to recognize the complimenting moves, we’ve put square boxes round the val- 
ues for square numbers. We found the values by using the following principle: 


A complimenting move 
to a position of value *n 
is really a move to 
*h = *0, *1, ..., *(n — 1), *(n + 1) — ►, 
i.e., every nimber other than *n. 


THE COMPLEMENTING EFFECT OF COMPLIMENTING MOVES 

For after such a move, the opponent’s move is entailed — he must twiddle his thumbs and then 
leave a position of value *n. Our rules for entailing moves now show that what we left him 
had all values *h. 

In Figure 13 we see a Grundy scale for All Square, set for a heap of 13; and below it we 
have written the values of the various options. Since the move to 9 + 4 is complimenting, it 
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■xT If tj 12 II 10 9 8 7 6 5 + i 1 I 

*1 O ^ O «1 *Z\*2^*i O [0]\ r 
! ® ° *• |*| *2- *1 O O *1 S- 

| it 1 2-5456789 10 11 12. 13 14- 15 <6 -1? 


Figure 13. What’s a Heap of 13 Worth? 


alone accounts for all nimbers other than *3, and since *3 does not appear elsewhere it is the 
answer. 


Why is 58 a loony? We can see this using only the values 

49 : [*6} 23 : *2, 35 : *5. 

The complimenting move to 9 + 49 accounts for all nimbers other than *7, which is catered for 
by the ordinary move to 23 + 35. What does this mean in practice? If your opponent leaves 
you a position 

58 + A + B + . . ., 

move to „ ._ , „ 

9 + 49 + A + B + ... 


unless the value of A + B + . . . is *7. The total position then has non-zero value and you can 
use your bonus move to correct it. If the value of A + B + . . . is *7, move instead to 
23 + 35 + A + B + . . . . 

This is a kind of strategy stealing. We find out who has the winning strategy in 
*7 + A + B + ... 

and make arrangements to appropriate it for ourselves. 
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On-the-Rails 

On-the-Rails is a racecourse game with complimenting moves. The horses move as shown in 
Fig. 14, there can be several on a square; and the player who first moves a horse across the 
finishing line is the winner. 

But this time there’s a new twist — if you put a horse against the rails you take an extra 
move (which need not involve the same horse). In other words a move onto a square in either 
the leftmost or rightmost column is a complimenting move. 

The values are easy to analyze and ultimately have period 7 as shown in Table 6. In each 
square we show the immediate value(s) of a move onto that square. If the horse is left on the 
rails after the corresponding bonus move, its value is found by dropping the bar. 






D 


T ) 

® 



T > 




D 

® 

*6 

D 


*0 

*0 

D 

T > 

*0 

*0 



*0 

*0 



*0 

*0 

D 

D 

*1 

*1 

-£> 


*0 

*0 

*0 


*1 

*1 


*0 

*0 

*0 

*0 

*0 

*2 

*2 

*0 

*0 

*0 

*1 

*0 

T ) 

*2 

*2 


*0 

*1 

*1 

D 

*1 

*1 

*1 

*1 

T > 

*1 

*2 

T > 

*)) 

*0 

*0 


7 > 

*2 

*0 

T > 

*2 

*0 

*0 

*2 

7 > 

*0 

*0 

*2 


*1 

*1 

D 

*2 

*0 

*6 

*0 

*)) 

*1 

*1 


*0 

*6 

*0 

*0 

*0 

*2 

*2 

*0 

*0 

*0 

*1 

*0 


*2 

*2 


*0 

*1 

*1 


*1 

*1 

*1 

*1 


*1 

*2 

D 

7 ) 

*0 

*0 


7 > 

*2 

*0 


*2 

*0 

*0 

*2 

T > 

*0 

*0 

*2 

*)) 

*1 

*1 


*2 

*0 


Table 6. Values for On-the-Rails. 




Extras 


De Bono’s Z-Games 

N. E. Goller has found a simple and elegant strategy by which either player can guarantee to 
draw (at least) from the initial position of Fig. 5 (and from many others). Place your L-piece 

either so that it occupies three of the central four squares (Fig. 15(a)) 
or so that it occupies two of those squares, and no neutral piece 
occupies any other squares marked X in Fig. 15(b). 




X 

gfx 

X 

X 


Figure 15. Nick Goller’s Drawing Strategy for the L-Game. 

Figure 16 shows a longest sensible finishing game, assuming that both players are playing 
well. 


Proving the Outcome Rules for Loopy Positions 

For the closed (A/ - or V) positions, this is easy. The only closed case not covered by the Nim 
theory is the assertion that 

ooabc... + *n is Af if n is one of a, b, c , ... . 

However, from this position the next player can move to 
*n + *n = 0. 


The other positions are of two types: 

(i) oo ab c ... + *n with n not one of o, 6, c, ..., 

(ii) OO abc... + OO q/3 7 ... + • 

Because we don’t yet know if these are open or closed, we’ll call them ajar for the moment. 
We need only show that such a position has an option which is still ajar. 
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For (i), let m = mex(a, b, c , ...) and observe that n > m because n is not one of a, b,c, .... 
If n> m, the position 

00o6c... + *m is ajar. 

If n = m, the position of value oo a 6c... has a loopy option oo which cannot be reversed to 


°o a p-y... + *n is ajar. 

We can keep positions of type (ii) ajar by moving to a loopy option of one of the loopy 
components. 

So when a position is ajar, either player can keep it ajar. A door that’s always kept ajar 
may as well be called open. 

Fair Shares and Unequal Partners 

If, in Fair Shares and Varied Pairs, you allow yourselves the extra moves which combine three 
or more heaps, then you need to make the following changes to Table 1: 

421 32111 3321 42111 4221 441 4321 532 541 631 721 

*4(96 *4@11 *1(810 *4®12 *5®15 *1@11 0002 0002 0002 OOo2 OO 02 • 

There are also two changes in Fig. 4: the remotenesses of 4221 and 4321 are reduced to 3, since 
there are now the good moves to 72 and 73. In Fair Shares and Varied Pairs, the remoteness 
of 4221 was 14, so this changes from a P-position into an Af- position. 


Were Your Ways Winning Enough? 

You should make the date, of course, since the almond position 22221 is labelled *2®j2 in 
Table 1. But your prospective date might cry off after watching you swallow all but 2 of the 
toffees at your first move, and then dragging the game out to 25 moves in all: 


^ | 22221 | 


*22221 + *1 — 
-» 3222 + *2 

S 6111 


► 32211 + *1 
* 522 + *1 ■ 


I 3111111 j 21111111 

v*i r j -*i 


^13151- 


3~33l— 33111 — 1 43111—32211 - 15211] — 531— |l4l— 522 -< 


*•711 —— | HIllll11| 


(This is your only way to force a win so quickly.) There are times when your Winning Ways 
should not be used too blatantly! 
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Did You Move First in Horsefly? 

You should have chosen not to move first, since the position of Fig. 11 is a P-position, no 
matter which way those horseflies last moved. In Fig. 17 the usual value of a square is printed 
at its centre. However, if you’ve just arrived in the third or fifth column by a knight’s move 
from the other, then you should use the small print value in the corner nearest to where you 
came from. 


® 


® 


® 

0 

”8 

D 

0 

D 

*8 

0 

0 

T> 

”8 

0 

D 

”8 

0 

0 

*1 

*2 

*i 

0 

*2 

*1 

.. 

0 

0 

*1 

*i 

°°01 

*2 

0 

°°01 

*2 

»l 

0 

0 

*1 

ao 0 , 

°°012 

*3 

0 

*012 

*3 

*1 

0 

0 

*1 



°°013 

*2 

0 

°°013 

.2 

*1 

0 


Figure 17. Values for Horsefly. 


We’ve used 

® for the three winning posts, 

Y 1 for squares from which there is a move to ®, 

and to follow the later analysis you should fill in the remaining values in the order 
0, *1, *2, *3, OOoi, 00012, 00013, 

proceeding row by row for each value. The last two rows repeat indefinitely. 
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Survival in the Lost World 

“The game," he said, “is never lost till won.” 

George Crabbe, Tales of the Hall, xv, “Gretna Green”, 334. 

The genius of you Americans is that you never make clear-cut stupid moves, only complicated stupid moves 
which make us wonder at the possibility that there may be something to them we are missing. 

Gamcl Abdel Nasser 
’Tis better to have fought and lost 
Than never to have fought at all. 

Arthur Hugh Clough, Pescheria 
Exchewe allewey Caylys, carding and haserdy. 

Advice to Apprentices: c. 1450. 

We’ve spent a lot of time teaching you how to win games by being the last to move. But 
suppose you are baby-sitting little Jimmy and want, at least occasionally, to make sure you 
lose ? This means that instead of playing the normal play rule in which whoever can’t move 
is the loser, you’ve switched to the misere play rule when he’s the winner. Will this make 
much difference? Not always... 

Misere Nim 

In Misere Nim you have a number of heaps and your move must reduce the size of any one 
heap, but whoever eliminates the last heap is now the loser. This will only affect play in 
the fickle positions when all the non-empty heaps are singletons (size 1) and the game gets 
rather boring and mechanical. You and Jimmy will take the singletons alternately and you 
would win in normal play by always presenting him with an even number of them. Obviously, 
to play in misere fashion, you should instead arrange to present Jimmy with an odd number 
of singletons. All other positions (some heaps > 2) are firm and behave alike in both normal 
and misere play. 

Whoever first reduces the game to the fickle state does so by reducing the last heap of 
size 2 or more. He can therefore win in either Normal or Misere Nim by choosing whether to 
reduce this heap to a singleton or remove it altogether. 


Play Misere Nim exactly as you would 
play Normal Nim unless your move 
would leave an even number of 
singleton heaps and no other heap. 
Then leave an odd number instead. 
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Figure 1 . Game Reserves in the Lost World. 



Reversible Moves 




415 


Reversible Moves 

We can still throw out fill reversible moves in the misere theory, provided we take special care 
when we throw all moves out. Figure 2, illustrating reversibility for misere play, is rather like 
Fig. 3 in Chapter 3, but all branches are now available to either player. The game G has all 
the options A, B, C of the simpler game H, and additional options D, E from each of which 
there is a legal move to H. We say that D and E are reversible moves from G. 



We assert that the outcome of a sum of games will never be affected if we replace a 
component G by the simpler game H, provided H has at least one option. For, whoever has 
the winning strategy in 

H + X + Y + Z+... 


can play 




with essentially the same strategy, not himself making use of the new moves from G to D or 
E. If liis opponent uses them he can expect to reverse their effect by moving back from 


{D or E) + X + Y + Z + ... 




If G is obtainable from H 
by adding reversible moves, 
then G is equivalent to H , 
provided that 
if H has no option, 
then G and H have the same 
outcome. 


PRUNING REVERSIBLE MOVES 
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Since then we can substitute H for G in any sum of games we shall simply write G = H. 
For example, 

{0,1, 2, 5, 6, 9} = {0,1,2} = 3, 
since 5, 6 and 9 have 3 as an option and 3 is not 0. 

The Endgame Proviso 

But this pruning process requires care when H has no legal option, i.e. is the Endgame, 0 
(see Fig. 3). The trouble is that the argument might not even get off the ground. 



is th a. Eudgaim 

Figure 3. The Endgame Proviso 

For if H,X,Y, Z, ... are each the Endgame, you have already won 
H + X + Y + Z + ...(= 0) 
by definition, but this doesn’t help you to win 

G + X + Y + Z + ...(=G). 

So in this case we are compelled to lay down the proviso that G has the same outcome as 0, 
when H is 0. 


The Awful Truth 

Since all impartial games reduce to Nim in normal play, and since misere play Nim is only 
a trivial modification of normal Nim, it has often been thought that misere impartial games 
must be almost as easy. Perhaps you play any sum of impartial games in misere play just as 
in normal play until very near the end, when ... ? 

Unfortunately not! 

For example, in the normal play version of Grundy’s game (Chapter 4) the single heap 
P-positions with less than 50 beans are 

Gl, G2, G4, G7, GlO, G20, G23, G26- 
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None of these is P in misere play, for which the first few single heap P-positions are 

G 3 ,G 6 ,G9,G 12 ,...,G42,G 4 5, 

exactly the first fifteen multiples of 3. It seems a coincidence that G50 is a P-position in both 
kinds of play. Many authors have made mistakes in this and similar games by riding roughshod 
over the subtleties of misere play. 

In ONAG it is proved that the only way a game can be simplified in misere play is by 
eliminating reversible moves, observing the Endgame Proviso when appropriate. If two games 
have no reversible moves and look different, they really are different, because there will always 
be some other game whose addition yields distinct outcomes. 

The complications that arise are illustrated in Fig. 4 which shows the tree structure of the 
game of Kayles with 7 pins, simplified as much as possible. 



Grundy and Smith showed that there was 1 game bom on day 0, 2 by day 1, 3 by day 2, 5 
by day 3, 22 by day 4 and 4171780 by day 5. So there are at most 

24171780 

games by day 6. Removal of reversible moves reduces this huge number, but by such a small 
fraction that the first 625140 of its 1255831 decimal digits are not affected! The exact number 
is given on p. 140 of ONAG. 

We salvage what we can with our notion of tame game, but that’s not too much. If you 
think the rest of the chapter looks rather complicated, that’s because it is! 
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What's Left of the Old Rules? 

Here, and for the rest of the chapter, we omit the stars from the notation for Nim-heaps, so 
that numbers will usually mean nimbers. 

In normal play the mex rule could be used to reduce every position to a Nim-heap. Although 
we’ve just seen that this no longer happens, the rule still has some force: 


If m = mex (a, b, c , . . .) then 
{a,6,c,...} = m, 
■provided that at least 
one of a,b,c, .. . is 0 or 1. 


THE MISERE MEX RULE 
The Nim- addition rule in misere play is: 


Provided 

one of a and b is 0 or 1, 
then 

a + b = a %-b 


THE MISERE NIM RULE 

The Misere Mex Rule shows that 

{ 0 , 2 , 5 } = { 0 } = 1 
and 

{ 1 , 3 , 4 } = {} = 0 

both reduce to Nim-heaps, but positions such as 
{ 2 , 3 } 

which do have options but don’t have options 0 or 1, do not. 

The Misere Nim Rule is easily proved by induction. For example, 

4 + 1 = {0 + 1, 1 + 1, 2 + 1, 3 + 1, 4 + 0 } 

= { 1 , 0 , 3 , 2 , 4 } = 5 , 

5 + 1 = {0 + 1, 1 + 1 , 2 + 1, 3 + 1 , 4 + 1, 5 + 0 } 
= { 1 , 0 , 3 , 2 , 5 , 5 } = 4 , 

using the Misere Mex Rule. 
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As Easy as Two and Two? 


What do 2 and 2 make? The common man thinks 4, the normal Nim player says 0, but the 
mis ere answer is the P-position 

2 + 2 = {2 + 1, 2 + 0} = {3, 2} 

which can’t be simplified any further. The only Nim- heap which is a misere P-position is 1, 
but 

1 + 1 and (2 + 2) + (2 + 2) 

have different outcomes, so that certainly we can’t simplify 2 + 2 to 1. 

If addition sums like this had had more satisfactory answers, the misere theory would be 
easy. Because it isn’t, the games grow very complicated and we need our patent collapsing 
notation to record them. 

When several positions have been given names, such as 

a, b, c, ... 

we shall write 

a n for a + n, etc. 


and, for example, 

a m b n cd 

for the game 

{a + m,b + n, c, d}. 

However, to avoid ambiguity when there’s a single option, we’ll write 
a + for {a}. 


The Misere Form of Grundy’s Game 

Recall from Chapter 4 that in Grundy’s Game the move is to divide any heap into two non- 
empty heaps of different sizes. Let’s begin its analysis in misere play, using the misere nim- 
addition and mex rules, and writing G„, for a Grundy heap of size n: 

Gi = { } = 0 
G 2 = { } = 0, 

G 3 = {G 2 + Gi} = {0} = 1, 

G 4 = (G 3 + Gi} = {1} = 0, 

G 5 = {G 4 + Gi,G 3 + G 2 } = {0,1} = 2, 

G 6 = {G 5 + Gi,G 4 + G 2 } = {2,0} = 1, 

G 7 = {1 + 0,2 + 0,0+ 1} = {1,2,1} =0, 

G 8 = {0 + 0, 1+0, 2+1} = {0,1, 3} =2, 

G 9 = {2 + 0, 0 + 0,1 + 1,2 + 0} = {2, 0,0,2} = 1, 

Gio = {1 + 0,2 + 0,0 + 1,1 + 0} = {1,2, 1, 1} = 0, 

Gn = {0 + 0, 1 + 0, 2 + 1,0 + 0, 1 + 2} = {0, 1,3, 0,3} = 2, 

Gi 2 = {2 + 0, 0 + 0, 1 + 1, 2 + 0, 0 + 2} = {2, 0,0, 2,2} = 1. 
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But number 13 is unlucky! We find 

G 13 = {1 + 0, 2 + 0, 0 + 1, 1 + 0, 2 + 2, 0 + 1} = {1, 2, 1, 1, 2 + 2, 1} 

so that 

G 13 = {2 + 2, 2, 1}, 

or, in the collapsed notation, 

Gi 3 = 2 2 21. 

Since 2 + 2 won’t reduce to a Nim-heap, we’re stuck! The authors don’t even know how to 
play the misere sum of G j 3 with three arbitrary Nim-heaps. From Table 1 you can see that 
the triples of Nun-heaps x, y, z for which 

Gi 3 + x + y + z 

is a P-position are quite chaotic. You mustn’t expect any magic formula for dealing with such 
positions. 
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But you probably don’t want to play sums of G13 with Mm-heaps — safter all in Grundy’s 
game you only need play it with other Grundy heaps. Even if G13 isn’t a Nim-position, it’s 
still a game; let’s call it a and carry on: 

G14 = {a + 0, 1 + 0, 2 + 1, 0 + 0, 1 + 2, 2 + 1} = o310 

which reduces to 2 = {1,0} since both a = 2221 and 3 = 210 have this as an option. Even 
though G13 wasn’t a Nim-heap, G14 is! Carrying on still further we find two more Nim-heaps, 
two games which reduce to a and two new values: 

G15 = a20 = 1, 

Gi6 = ai2 2 21 = a 
G 17 = a310 = 2, 

Gis — a 2 a20 = b, 

Gig — bai2 2 21 — a, 

G 2 o = f>a3 = c, 

G 2 i = cbia 2 a20 = b, 

where reversible options are in bold type. Prom now on all the positions are different. The 
next is 

G 22 = c6ai2 2 l = d, 

which, however, usually behaves in much the same way as a. 

Grundy’s Game only reduces to Nim when all the Grundy heaps have sizes 

1,2, 3,4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 17. 

You can also throw in some heaps of size 13, 16 and 19 by pretending that a + a = 0 and 
using the rule: 



If you want to know more, look in the last section of the chapter. 
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Animals and Their Genus 

In later sections we shall show that the Misere Nim strategy extends to a large class of games 
we shall call tame, and that we can say a fair amount about some more games called restive, 
and a little bit about some restless games. The genus will help to classify these. 

Recalling that the normal nim- value G + (G) is the unique size of Nim-heap n for which 
G + n is a P-position in normal play, we now define the misere nim- value G~(G) to be the 
unique n which makes G + n a P-position in misere play. You can work out these values by: 


G + (G) = 0 if G has no option, 
G + (G) = mex G + (G') otherwise, 


Q ( G ) = 1 if G has no option, 
G~{G) = mex G~ (G 1 ) otherwise, 


where G' ranges over all options of G. 

Unfortunately G~(G) does not enable us to compute G~(G + 2). So we shall define a more 
complicated symbol, the genus ((7-ness) 


7o =G~(G), n=G~{G + 2), 72 = £-(G + 2 + 2), 73 = G~(G + 2 + 2 + 2), . 

We shall abbreviate this symbol in various ways. 

g denotes a Nim-heap of size g. 

g 1 denotes a tame or restive game. 

(In these cases the full genus can be recovered from Table 2). 
gQ/3...X[t abbreviates the genus 

It turns out that every genus ends up alternating between two numbers like this. 



Table 2. Abbreviations for the Genus of Certain Games 
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For Grundy’s Game the genus sequence with these abbreviations is 

.0 01021021021 3 1431 2 1 3 1431 2 4 0564 3 1431 O 20 4 0564 3 1431 ... 

and for Kayles, 

K 0 Kx K 2 K 3 K 4 K 5 K 6 K 7 K 8 K 9 K 10 K„ K 12 K 13 K 14 K 15 K 16 K 17 ... 

0 1 2 3 1 4 146 3 2 2 l 1 4 046 2 2 6 46 4 046 l 1 2 2 7 57 l 13 4 64 ... 

The single superscript form is reserved for tame or restive games. The games K 13 and K 16 
have the same genus 

jl313... 

but our displayed sequence abbreviates them differently since only the former is tame. 

What Can We With the Genus? 

The genus is a very useful tool in misere play calculations, because, as we shall gradually come 
to understand: 

1. We can find the misere outcome of a single game. The outcome is V if and only if the 
first superscript is 0. 

2. If each of our games is tame and of known genus, we can work out the genus — and 
therefore the outcome — of their sum, which is also tame. 

3. If a, b, c , ... are Nim- heaps of sizes 0,1, 2, 3, then, from the genus of an arbitrary G, we can 
find the genus and outcome of 

G + a + 6 + c + .... 

4. We can allow one of these Nim-heaps to have size 4 or more and still compute the 
outcome. 

5. If a, b,c, ... are any Nim-heaps and R is restive with given genus, we can find the genus 
and outcome of 

tf + a + 6 + c+.... 

6. For many restive games, R, our Noah’s Ark Theorem shows that 

R + R, R + R + R : ... 
are tame and of known genus and outcome. 

7. And there are many more half-tame games, H , for which H + H is tame; again of known 
genus and outcome. 

8. For a suitably restrained restless game, R, an even number of copies of R will not affect 
the genus or outcome in suitable circumstances, again by the Noah’s Ark Theorem. 
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Firm, Fickle and Tame 

In Nim only the following combinations arise: 


0 1 , 1° (the fickle units) 

0 °, l l (the firm units) 

2 2 , 3 3 , 4 4 , 5 5 , ... (the big firms) 

and they can be combined according to the following rule, which works for all tame games. 


If any component is firm, so is the sum, and 

a“ + i£ + ... »(a^<4 

If all components are fickle, so is the sum, and 

a“ + 6 /J + --- = (aTbT ...J 1 


COMBINING TAME GAMES 

Thus 

0 1 + 2 2 + 7 7 = 5 7 , 


having two firm components, must be firm of genus 5 5 , but 
0 1 + 1 ° + 1 ° = 0 ? , 

a completely fickle sum, has genus 0 1 . 

Let’s look at the Kayles position 



k 2 + K t r It- + K. u 


Our sequence indicated that K 2 , K 4 and K 7 are tame; in fact K 2 and K 4 are very tame, being 
Nim-heaps. The three tame components together make a tame game of genus l 1 , 

2 2 + 1° + 2 2 = l 1 . 

But Kji is a really wild animal of genus 6 4646 '. What shall we do? Luckily we spot Kjj’s 
tame option 

K 3 +k 7 

of genus 3 3 + 2 2 = l 1 , 


leading to 


k 2 + k 4 + k 7 + k 3 + k 7 , 


whose genus 


2 + 1 + 2 2 + 3 + 2 2 = 0° 


shows it to be a P-position. 
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Which Animals are Tame... 

Roughly speaking, those we can pretend are Nim-positions. In this book we have managed to 
tame many more animals than were regarded as tame in ONAG (hereditarily tame). But 
see the end of the Extras for the even larger family of tameable games. 

For a game G to be tame its nim-values g 1 must certainly form one of the tame pairs 
0°, l 1 ^ 2 , 3 3 ,4 4 , ... or 0 1 , 1° 

that arise for Nim-positions. There is no further condition if all the options of G are tame, but 
wild options of G are also allowed provided they aren’t needed to determine the nim-values of 
G, and provided they each have reverting moves to tame games with nim-values g ? and ? T . 
More precisely, if the tame options have genus 
a a ,bP, ... 

we must have 

g = mex(a,6, ...) 

7 = mex(a,/3, ...) 


and, from any wild option, there must be moves to two (possibly equal) tame games with genus 
g and ? T . 

For example, the Kayles position 

K 7 = {K6,K5+Kl,K4 + K2,K3+K3,K5,K4+Kl,K3+K 2 } 

= {3, K 5 + l, 1 + 2, 3 + 3, K 5 , 1 + 1, 3 + 2} 

has tame options 

3 3 , 3 3 , 0°, 0 1 , l l 

which suffice to determine the genus 2 2 . The two wild options have reverting moves to tame 
games with this genus. 

K 5 + 1 -> K 3 + 1, genus 2 2 , 

K5 — ¥ K3 + Ki, genus 2 2 , 

and so K 7 is itself tame of genus 2 2 . 

To win a sum of tame games make sure that after each of your moves every component is 
tame and the total genus is 

0° if any component is firm, 

1° if every component is fickle. 

If your opponent ever plays a wild card there will always be a suitable reverting move for you 
to respond with. Otherwise the strategy is exactly as in Misere Nim. 


... and Which are Restive? 

Once again we have a wider class than was treated in ONAG. For G to be restive, its nimvalues 
g 1 have to be one of the restive pairs in which g is 0 or 1 and 7 is 2 or more: 

0 2 , 0 3 , 0 4 , 0 5 , ... or l 2 , l 3 , l 4 , l 5 , .... 
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There is no further condition if all the options of G are tame, but wild options are also allowed 
provided they are not needed to determine the nun-values of G, and each has reverting moves 
to tame or restive games of genus 

g' and ? 7 

where each ? must be one of 

0, 1,7,7 4 1- 

More precisely, if the tame options have genus 

we must have 

g = mex (a, b, ...) = 0 or 1, 

7 = mex (a, /?,...) > 2, 

and, from any wild option there must be moves to two (possibly equal) tame or restive games 
of genus 

p ? and ? 7 (each ? = 0, 1, 7, or 7 4 1). 

The situation can get quite awkward when you put restive animals together. We wouldn’t 
even like to have to predict the outcome when a restive animal is put among certain tame ones 
but at least they behave well with Nim-positions. 


Question: 

Suppose R is a restive game of genus 9 7 
and m,n, ... are Nim-heaps; 

when is R + to + n H a P-position ? 

Answer: 

This happens when m 4 - n = 7, 

if each of m, n, ... is 0, 1, 7 or 7 4 1; 
and when m 4-n -4 • • • = g, otherwise. 


RESTIVE GAMES ARE AMBIVALENT NIM-HEAPS 

Moreover 


If 

0, 1 < iV < 7, 7^-1 
R + n 

is tame of genus (g 4n) 7 ^' 


THE INTERMEDIATE VALUE THEOREM 
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Some Tame Animals in the Good Child’s Zoo 
Misere Wyt Queens 



We met the normal play version of Wyt Queens in Chapter 3, and you’ll find by trial that 
the misere version has a genus table which appears to be entirely tame (Table 3). Figure 5 
shows how every Queen outside the leading 3x3 square which can “see” a 0 or 1 in this square 
can also see the other, and using this we can prove that every entry outside this square is both 
firm and tame. Welter’s Game and Moore’s Nun* are also tame (see Chapter 15). Yamasaki 
independently gives the misere analysis of all these games. Wythoff’s Game is also known as 
Chinese Nim or Tsyan-shizi, and Welter’s Game as Sato’s Maya Game. 
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Continuing the calculation, 


J10 = 

{Js + Ji, 

J7 + J21 J6 + J3, 

J5 + J 4 , 

Js}, 


genus 

{3 3 , 

3 3 , 2 2 , 

3 3 , 

2 2 } = 0°, 


J11 = 

{J 9 + J 1 , 

Js + J21 J7 + J3, 

J 6 + J 4 , 

J5 + J5, 

J 9 }, 

genus 

{0°, 

2 2 , l 1 , 

2 2 , 

O 1 , 

l 1 } = 3 3 


This is the last case which has a fickle option, J5 + J5 = 0 1 . From now on every J„ will be 
both firm and tame since all its options are, and the genus sequence 

.1 0 2 2 1; 0° 3 2 2 l 1 0° 3 3 2 2 l 1 0° 3 3 ... 

has period 4 after the semi-colon. 

When we also allow 2 adjacent beans to be taken from inside a longer row we have the game 
of Lemon Drops, -56, with typical position L„- The complete analysis of -56 for normal 
play still eludes us, despite computations for rows of up to 50000 drops. But at least it’s no 
harder to play the misere version, since after Lg = 1 every position is firm and tame: 

.1 0 2 2 4 1 l 1 3 2 4 4 4 4 6 6 6 6 2 2 l 1 l 1 7 7 6 6 8 8 4 4 l 1 l 1 .... 

Stalking Adders and Taking Squares 

For Stalking, -31, the reduced forms are 



showing that the game is tame with genus sequence 

.1 2 0° l 1 0° l 1 0° l 1 0°... 
while for Adders, -73, the reduced forms are 

1 2 3 22 32 222 322 2222 3222 22222 32222- •• 

again tame, with genus sequence 

.1 2 3 0° l 1 2 2 3 3 0° l 1 2 2 3 3 ... 
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Of course, 2 ++ and 322 are merely the collapsed notations for 

(2+)+ = {{2}} and (3 2 ) 2 = 3 + 2 + 2. 

Take-A-Square is another heap game. Each player in turn chooses a heap and takes 
1 or 4 or 9 or 16 or ... 
beans from it. If S n is a heap of size n, 

S„ = {S„_ 1 ,S„_4,S„_9, ...} 
and the first few S„ reduce to Nim-heaps: 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 ... 

S„ 01012010120 1 0 1 2 0 1 0 1 2 0 1 0 1 2 3 .... 
Although 2 and 3 appear we’ll never get any positions like {2,3} which don’t reduce to Nim- 
heaps. In the Extras we’ll give T.S. Ferguson’s proof that all subtraction games reduce to 
Nim, and so are tame. Yamasaki has independently reached the same conclusion. His terms 
“flat” and “projective” both imply our “tame”. 


“But What if They're Wild?” Asks the Bad Child 

She’ll need to know how to compute the genus: 



and how to add small Nim-heaps: 




9 
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If 

then 


G has genus g~* wn'**— 

G + 1 has genus (g 
G + 2 has genus ( g Jf.2)' Y1 ' y273 " 
G + 3 has genus (g $3) SlS * S3 - 
G + 2 + 2 has genus j 1111 "' 

G + 3 + 2 has genus (g 1) 4 **®— 


where <5 0 = 7o -£ 1, <Si = 7i 4- 1, S 2 = 72 I- 1. 


Here’s how we find the genus for four of Grundy’s wild animals (a = 2221, b = a2a20, 
c = 6a3, d = cfcaj22l): 

a 2 l 4313 '" 

2 2 O 0202 • a 3 1431 - f, 4 os64 

2 2 2020 - 2 2 2020 - a 3 1431 

x iosis... o o 1202 3 3 3131 

a 3 1431 • b 4 0564 - c O 2020 - d 3 1431 - 

Because Grundy’s Game was extensively analyzed in ONAG, we’ll leave further analysis until 
later and use Kayles as our next example. 

Mis6re Kayles 

For the tame animals in our good child’s zoo we didn’t need reverting moves since no wild game 
crossed our path. Although several tame games arise in Kayles (see Chapter 4), wild game’s 
abounding and we’ll need all our resources to tackle it. Table 4 pushes the genus analysis to 
heaps of size 20, and with increasing difficulty we find the next few terms: 

K21 K22 K23 K24 K25 
4 64 g46 7 57 4 64 J731 

The options of each game are found on the preceding two fines of the table. Thus 
K10 = 6 = {7, 0 + 2, 0 + 1, a + 3, a + 1,3 + 2, 2 + 2,0}, 
whose tame options: j 0°, 3 3 , j j l 1 , 0°, 0 1 yield 2 2 , 

while others revert to: 2, 2, 2, 

proving that K10 is tame with genus 2 2 . In normal Kayles, no single row other than 0 can be 
a P-position (take out the middle 1 or 2 pins), but the table shows that in misere play, 

K 1 ,K 4 ,K 9 ,K 1 2 ,K 2 o 

are P-positions. It is not hard to justify enough P-positions: 


c O 2020 

b 4 0564 

aj 2 0520 

2 2 O 0202 

l J0313 
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Kn-l+Kl Kn-2 + K 2 Kn-3+K3 Kn-I+K-I Kn-S+Ks Kn-6+K fi Kn-7+Ky Kn-8+K 8 Kn-9 + K9 


■ (3) 2 
L‘(3 2 ) 3 5 
l 046 ( 7 ) O' 
?( 5 ) 5 ! 


0 °( 2 2 ) 
l 1 (32) 
(ai) 3 

6 48 (« 2 ) 
1 1 (32) 


(*) 


0°(2 2 ) 

2 

7 57 (a 3 ) 


a = 2 2 321 
3 — oiq3 2 2 2 30 
7 = /3i/3q3Q 2 3 2 20 
5 = 7/3 2 /3iO3Oi3 2 2 2 0 


Table 4. Genus Analysis of Misere Kayles 


Kll+Kji, K 8 +Ki6, K13 + K13, Ki4+K 14 


to provide good replies to 

K 2 i,K 22 , K 23 ,K 24 , K 25 ,K 26 , K 27 ,K 28 , K 29 ,K 30 , K 31 ,K 32 , K 33 ,K 34 . 

Since the first edition, William Sibert has found a complete analysis of Misere Kayles — see 
the Extras. 


The Noah’s Ark Theorem 

Any wild game that’s only just gone wild, i. e. has only tame options, must have among its 
options one, but not both, of the two kinds (0 1 , 1°) of fickle unit and one, but not both, of the 
two kinds (0°, l 1 ) of firm unit. If the options include both kinds of 0 or both kinds of 1: 

0 1 , 0°, a“, b b , ... or 1°, ... (2 < a, 6,...) 

the game is restive. If one of each: 

l°,0°,a a ,6 6 ,... or 0 1 , l\a°,& 6 , ... (2 < a,6,...) 

we call it restless. 

Usually two copies of a restive game make a firm zero, while two copies of a restless game 
can be treated as a fickle zero. So (look at Fig. 6) we can allow some restive and restless 
animals into our ark of tame creatures provided that they come in pairs and are suitably 
restrained: 




434 Chapter 13. Survival in the Lost World ( v ) 

Suppose that 

Ti, T 2 , . . . are tame, 

Rx, R 2 , ... are restive, and the game 
R is restless of genus g y - 

and that Rj, R 2 - . . . , R have only just gone wild. 

Then you can find the outcome of 

Ti+T 2 + ”- + (Ri+R i ) + (R 2 + R2) + -" + (R+R) + (R + R) + -” 

by noting that each pair 

Ri+Rx, R 2 + R 2 , ... 

is a tame game of genus 0° and neglecting each pair 
R + R 

provided that 

when there is any pair R + R, 

(i) the only fickle tame positions of 
Tx,T 2 , . . . , Ri,R 2 , . . . , R are 0 and 1, and 

(ii) for each option a n (a > 2) of R, 
cither a a has an option 7 4-1, 

or R has an option (a -f- l) a 1 


THE NOAH’S ARK THEOREM 

The complicated sounding conditions are usually satisfied automatically, because the op- 
tions a “ in condition (ii) are often Nim-heaps a, and we rarely see a fickle tame position other 
than 0 or 1. 

The strategy showing why R + R can be neglected is given in the Extras. It also proves 
that when (i) and (ii) are satisfied 

Tx +T 2 + ... + (Rx + Rx) + (R 2 + R 2 ) + ... + (R + R) + ... + (R + R) + R 
has the same outcome as 

Tx + T 2 + ... + (Rx + Rx) + (R 2 + R 2 ) + ... + R. 

In particular, all even multiples of R have genus 
O 1202 ' 

and all odd ones have the same genus as R. 
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Thus Grundy’s Game first goes wild at G13 = 2221, which is restless of genus 3 1431 , and 
so the sum of any odd number of copies of G13 will have the same genus, while the sum of 
any even number has the same genus O 120 as 0. Similar- remarks hold for K5 = 22321 of genus 
4 146 , in Kayles. 

To show that Ri + Rj is tame of genus 0°, we exhibit a reverting move to 0° from every 
option: 


Ri + Ri 


Ri + n" - 

— > n" + n n = 0° 

Ri + 0 1 - 

-4 0° + 0 1 = 0°, 

Ri + 1° - 

■4 l 1 + 1° = 0°. 



Moreover if r p is the genus of Rj, then Rj + Ri 4-Rj is tame of genus r r , because all options 
are tame and firm: 


S Ri + Ri + n” = n n , 

Ri + Ri + Rj ^ f Ri + Ri + 0 1 « 0°, 

i « 

Ri + Ri + 1° = l 1 . 

This means that we can allow some pairs of restive animals to bring their children into the 
ark. 

The Half-Tame Theorem 

We call a wild animal H half-tame if H + H is tame of genus 0°. The argument we used to 
prove that Ri + Ri is tame generalizes to show that: 

A wild game is half tame 
provided that 

all options of H are tame or half-tame, 
and 

if Ii has an option 0 1 , it has an option 0°, 
if H has an option 1°, it has an option l 1 , 


THE HALF-TAME THEOREM 

It is not actually necessary for the truth of the Noah’s Ark Theorem that the games of 
each restive or restless pair be identical. It will suffice if they are merely of the same species. 
The following operations will not change the species: 

(a) replacing a tame option by another tame game of the same genus (observing conditions 
(i) and (ii) of the Noali’s Ark Theorem in the restless case), 

(b) adding a new option from which there is a reverting move to a game already known to 
be of the same species. 
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Guiles 

Guiles is the octal game -15 played with rows Y n of n beans from which 2 adjacent beans 
may be removed provided neither is the end of a row and a complete row that contains 1 or 2 
beans may also be removed. The genus sequence is remarkable for its repetitions: 

0.11011221221101 4 1 4 221 2 22 1420 1 4 1 4 0 1 1 4 1 4 22 1420 1 2 2 1420 2 1420 1 1 1 631 .... 

All the occurrences of l 4 refer to the same restive game 

Y 14 = Y is = Y21 = Y22 = Y24 = Y25 = 22320 = z, say, 
which arises in many other contexts (-57. -72, -75 and 4 • 7). In terms of this 

Y is = Z122O; restive, genus l 2 , 

Y20 = ziz2 2 31; wild, genus 2 1420 , 

Y23 = {Y20 + 1, Yi 8 ,z + 2,3, 1} ; tame genus 0 1 . 

Y j9 and Y26 both reduce to the Nim-heap of size 2! 

Why is Y 2 8 = {Y23, Y20 + 2, Y 18 + 1, z + 1, 2 + 2, 0} restive? Its tame options 

Y 2 3, 2 + 2,0 

with values 

O^.O 1 

suffice to compute the value l 2 . 

From Y20 + 2 there are reverting moves to 3 + 2(1 1 ) and 2 + 2 + 2(2 2 ). 

From Yis + 1 there is a reverting move to Yis(l 2 ). 

From z + 1 there are reverting moves to 0 + 1(1°) and 3 + 1(2 2 ). 

Y31 is tame of genus l 1 . It has all the options 

2 + 2, 3, 2 

of 3 + 2, and from every other option except z + z (which is tame of genus 0° by the Noah’s 
Ark Theorem) there is a reverting move to 3 + 2, so that Y31 is “nearly equal to” 3 + 2. 

Dividing Rulers 

Dividing Rulers is the name for our next game because the positions (Fig. 7) repeat like those 
of the Ruler Game (Fig. 7 in Chapter 14). The move is to split any heap into two smaller 

heaps or to halve the size of any even heap. Writing R n for a heap of n we have, if n = 2 k d 

and d is odd, 

R„ = Ffr, where H 0 = 0, H x = 1, H 2 =2, H 3 = 2 Z 20, 
and in general 


Hfc+i = {H 0 + Ho,H 1 + H 1 ,H2 + H 2 ,...,H fc + H fc ,H fc }. 
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H 4 ={H ( , + H 0 , H, +H,, H 2 + H 2 , H3 + H3, H 3 } 



Figure 7. Positions in Dividing Rulers. 

This is because the options of R„ have the forms 

R^-'d R-2Ja + R-2>6 R2 k a + H-2‘6 
where a, b are odd and j < k < l. By induction these are 

Hfc-i Hj +H, Hfc + H,. 

The first two cases are the options defining Hj., and from the third there is a reverting move 
to H fc + H 0 + H 0 = Hfc. 

Because H3 is restive and only just wild we know the genus of all its multiples: 

H 3 H3 + H3 H3 + H3 + H3 H3 + H3 + H3 + H3 H3 + H3 + H3 + H3 + H3 .. 

genus l 3 0° l 1 0° l 1 ... 

and we can therefore predict the outcome of any position in which no heap has size divisible 
by 16. Also, because H3,H4, ... are half-tame it is easy to find their genus: 

H3, Hg, H7, ... have genus l 31 , 

H4, Ho, H$, ... have genus 2 20 . 

But positions where they don’t occur in even numbers can be more complicated; for example 
H 3 + H4 has genus 3 46 


but 


H 3 + H 3 + H3 + H4 has genus 3 31 . 
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There is a variant in which the division of a heap into two equal heaps is not allowed. Using 
V n for a heap of size n in the variant, we find that some of the theory still goes through: 

V d = 0, V 2(i = 1, V 4 d = 2, if d is odd, 

but Vs, Vie, V24, ... are all distinct: 

n 8 16 24 32 40 48 56 64 72 80 88 96 104 ... 

V n 12 z y x w v u t s r q p ... 

genus 1 2 l 4 l 3 l 4 2 20 l 4 2 20 l 4 2 20 l 4 l 31 l 4 ... 

In fact z = 22320 is the restive game we met in Guiles and the alternate terms thereafter, 
x,v,t, ... are restive of the same species. We show the tame options and reverting moves for 
the case 

t-{u+l, v + 2, w+z, x + y, 2 + 2, 0, 2} 

tame options: | 3 3 , | | 0°, 0 1 , 2 2 , 

reverting moves: (v + 1) + 1 0 + z x + 0 

The tame options have the same genus as those of z (u + 2 is tame of genus 3 3 by the 
Intermediate Value Theorem) and v,z,x are already known to have the same species. The 
sum of two or any larger even number of these is therefore tame of genus 0°, while three or 
any larger odd number make a tame game of genus l 1 . 

The game V32 = y = Zi2220 is also restive, but of a different genus, l 3 . These games 
z,y,x,w, ... are still half tame, but their analysis is much more difficult than that for the first 
version: 

y + z,y + x,y + v have genus O 20 , 

z + w, z + u have genus 3 31 , 

y + w, y + u have genus 3 13 , 

z + y + z, z + y + x have genus l 31 , 

while z + V + V is tame of genus l 1 . 

Dawson, Officers, Grundy 

For these three well known wild dogs we have made extended calculations and present you 

with the resulting D, O, G sequences. Shorter tables covering all the two-digit octal games 

will be found in the Extras. 

For Dawson’s Kayles the genus sequence for the positions D n with n pins is: 



and here is a short table for sums of two such positions: 





Dawson. Officers. Grundy 
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+ 

A 

B 

C 

D 

D 2 i 

d 22 

D23 

D24 

D25 

D 26 

Dio 

= D 17 + 1 = 2,21 = A "o 157 

i — pm 

7 1W 

6°“ 4 

1 331 

2 0520 

2 20 

o 120 


— pm - 

D 12 

= Di9 + l = A3 2 0 = B l 031 

0 I2C 

1 g064 

1 7 176 

i 2 20 

3 US1 

3 31 

i 031 

2 431 

0 I2° 

Du 

= BA,2 2 31 = C 7 ,7E 

' g064 

1 q!20 

1 1 031 

4 S864 

5 057 

5 4975 

7 175 

45864 

1 g064 

Die 

= CBiA 2 20 = D 6 064 

1 ? 175 

' l 031 

0 12C 

1 5 4975 

4 146 

45864 

g°64 

5 20 



The genus of any sum of terms A,B,C,D, is correctly evaluated by pretending that 


A + A = B + B = C + C = D + D = 0, 


A + 1 = B, C + 1 = D. 

Dawson, whose original game was the misere play version, found a tendency to period 14 
in the outcomes of D„ which our table verifies up to n = 42. But (unlike D2, Di6 and D30) 
D44 is a misere Apposition because there is a move to D21 + D21 which has genus O 02 , since 
every option has a reverting move into this genus: 


- D 21 = {D 21 + D + 1, D 21 + C, D 21 + B + 1, D 21 + A, D 21 +3 + 2, D 21 + 2} 


For Officers (.6, Chapter 4) the genus sequence O n for officers of rank n, directly respon- 
sible for n + 2 other officers and men, is: 


n 

0 1 

2 

3 

4 

5 

6 

7 

8 9 10 

11 

On 

0 0 

1 

2 

0 

1 

2 

31 431 

1 2 3 1431 

4 0564 

0„+i2 

(,20 3 1431 

40564 

2 20 

113 

30531 

2 20 

113 

q02 2 20 l 13 

4O564 

O n +24 

5 475 jl3 

4 0564 

c475 

l 13 

2 20 

o 02 

l 13 




For the single heap positions G„ in Grundy’s Game the genus sequence was computed 
to 50 terms in ONAG: 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Gn 

0 

0 

1 

0 

2 

1 

0 

2 

1 

0 

G n+ 10 

2 

1 

3 1431 

2 

1 

3 1431 

2 

40564 

3 1431 

o 20 

G„+ 20 

4 0564 

3 1431 

o 20 

40564 

3 1431 

o 20 

40564 

l 13 

2 20 

3 02 

G„ + 30 

I 13 

2 20 

402 

I 13 

2 475 

402 

l 13 

2 475 

40564 

l 13 

G„+40 

5 475 

40564 

I 13 

5 475 

40520 

l 13 

5 475 

420 

l 13 

o 0431 . 


and Dean Alleman extended this to ranges of 96 beans and a few larger heaps. 
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Grundy .0 0 

0 2 1 

0 2 10 

2 1 

3 1431 


•36 

.1 

0 2 10 

2 1 

ji431 



•37 

°1 

X 





\ 

1 2 

0 



Officers 

0 . OJ 




Grundy 

2 1 

31431 2 40564 31431 

020 ^0564 

31431 


•36 

1 ! 

■ 1431 | jo564 • 1431 

l 20 i 564 

3 1431 



X 

X 

x 



•37 

1 2 

•1431 j 2 31*31 

4 0564 q20 

31431 


Grundy 

q20 4OS64 

J1431 q20 40564 1 1 3 

220 302 

113 


•36 

220 4056* 

1 13 <y20 ^0531 13 

2 2 ° O 02 

l 13 



X 

X 

X 



•37 

40564 2 20 

jl3 3OS31 220 13 

0°2 2 20 

l' 3 


Grundy 

2 20 4 02 

1 1 3 2 475 4 02 l 13 

2 475 4 0564 

l 13 


•36 

220 4O564 

13 5 475 4 0564 J 13 

J475 40564 

l 13 



X 

X 




•37 

40564 5475 

13 4O564 j475 j!3 

220 Q02 

] 13 




Dawson. Officers. Grundy 


When there are no heaps of 28 or more we can pretend, that 
G13 = Gi 6 = G19 = G22 = G25 = 0,, 


and that 


Gis = G21 = G24 = G27 — b 
G20 = G23 = G26 — c i 

a + a = b + b = 0 , c + c + c = c + c. 


When adding these, use the table: 
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number of copies of c: 

none 

one 

two or more 

together with: 

0 

o 120 

O 20 

o 02 

a 

3 U3J 

3 431 

3 31 

b 

4 0564 

4 564 

4 46 

a + b 

>705875 

75875 

7 75 


The following equalities show that this table is also useful when playing Officers: 

G13 = Gm = Gig = a = O 7 = Oio, 

G is = G21 = b = On, 

G20 = c = O12, 

G22 = d = O13. 

In the sense of the Extras to Chapter 4, Officers is a first cousin to -37. The game -36 is 
even more closely related to Grundy’s Game, as shown in the scheme opposite. 

Solid lines indicate equalities of genus which in the first two blocks are identities. 


The misere theory of impartial games is the last and most complicated theory in this book. 
Congratulations if you’ve followed us this far. In the next volumes you can relax while learning 
to play some particular games. 



Extras 


All Subtraction Games Reduce to Nim 

Take-A-Square, the last game in the good child’s zoo, is the subtraction game corresponding 
to the set 

{1,4,9, 16,...}. 

Although its values will never become periodic we do know that they will always reduce to 
Nim-heaps. 

T.S. Ferguson proved from his Pairing Property that a heap of size n in the subtraction 
game corresponding to any subtraction set 

(s 0 , Si,S 2 , ...} (0 < So < si < s 2 < ...) 

reduces to a Nim- heap of size Q(n), its (normal) nim- value. 

Certainly 

Q(n) = mex (Q(n - s 0 ), ~ «i), G(n - s 2 ), ...) 

so we need only show that if Q(n) = 0, then Q{n — s k ) = 1 for some s k . But if Q(n) = 0 and 
there is any legal move, it is legal to take the least number, So, so Q(n — so) > 0. Hence there 
is some s k with Q(n — s 0 — s k) = 0. But we showed in the Extras to Chapter 4 that every 
nim-value 0 in a subtraction game is accompanied by a nim-value 1 that occurs so places later, 

Q{n -s 0 - s k + s 0 ) = Q{n - s k ) = 1, 

as desired. 

You can now use the tables in Chapter 4 to play the misere forms of all the subtraction 
games dealt with there. 

Prim and Dim 

These games from Chapter 4 are rather like subtraction games. For Prim + , Prim - , and Dim + , 
every heap has an option 0 or 1 and so reduces to a Nim-heap. But for Dim - (remove from n 
a divisor less than n) the genus sequence is 

.0 1 0 2 0° ,1 3 0° 3 l3 0° l 2O 0° 1 46 0° 2 13 0°... . 

For n > 5 it can be shown that the genus is 

g"**... 

where n = 2 9 d (d odd) and 
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7 = <? — 2 if d = 1 , 

7 = 5 + 2 if d = 3, 

7=0 + 1 if d = 5, 

7=0 if d > 7, 

and (5 = 7 ^ 2 . 


Proof of the Noah’s Ark Theorem 

It remains to show that, in the conditions of the theorem, if 
R= { 7 ,< 5 *,a a , 6 '\...} 

is a restless game with genus g y where 7 , 6 are 0,1 in some order and 2 < a < b < ..., then 
pairs R + R may be neglected in calculating the outcome of 

R + R + R+ ... + T 

where T is a tame game. We prove the result by induction. If the number of copies of R is 
odd, we note that the options of (2n + 1).R + T, 

2n.R + R' + T and (2n + 1).R + T' 


have the same outcomes 


R* + T and R + T r , 


the options of R + T. In particular (2n + 1).R + 7 is a P-position. 

If the number of copies of R is even, it suffices to prove that (2n + 2).R+ T is a P-position 
when T is. If T has genus 1° it must be 1, and the options of (2n + 2).R + 1 can be reverted 
to P-positions: 


(2n + 2).R + I.' 


_^i 2 « + 2 ).R 
->(2n+l).R + 7 + I 
■‘(2n+ 1).R + <V' + 1 
^(2n + 1). R + a" + 1 


► (2n+ 1). R + y, 

*- (2n+ 1).R + y, 

*■ 2n.R +y + + 1 = 2«.R + 0°, 


(2n+lj.R + S + 1 = (2n + 1 ). R + y, 

2n.R + a a + (a^ l ) 0 * 1 + 1 = 2n .R + 0°, 


according to which part of condition (ii) of the theorem is satisfied. 

The options of (2n + 2).R + T, where T has genus 0°, can be similarly reverted: 


(2n + 2).R + T 


(2n + 1). R + R' + T ►2n.R + R' + R' + T = 2n.R + 

(2 n + 2). R + T > (2n + 2). R + T", 


0°, 


where T" is a P-position. 
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0 

1 

2 

3 

4 

5 

6 

7 

•n 

.6 

.010 

.001 1 

.0110 

M 

,6i 

M 

M 

•i 

,l6 

- 1 Id 

. iooi 

.IloO 

M 

M 

M 

M 

•2 

.01 

.01 

.0i2 

,6i2 

.01 

.01 

M 

•26 

•3 | 

.10 

M 

.102 

.120 

M 

M 

M 

M 

•4 

•87, 

■17, 

•07 , 

•17, 

M 

M 

•44 

•45 

•5 

iO 

.1 

M 

M 

M 

.1 

M 

M 

-6 

•37, 

•37, 

•37, 

■37, 

M 

•64 

•64 

« 

•7 

16 

M 

M 

M 

M 

M 

M 

M 

4- 

.01 

i 

.01 

M 

•77, 

.1 

•77, 

M 


Guide to Table 5 

Mis6re Octal Games 

Table 5 gives the genus sequence for a number of 2-digit octal games. Use the guide below for 
games that do not appear in the main table (M). An entry in the guide is then an equivalent 
game (subscript 1 denotes “first cousin of’) that docs appear, or the complete value sequence 
when all positions are Nim-heaps. 

In Table 5, a, b, c , ... refer to the first, second, third, ... entries that are not single digits. 
The letters A,D,T,H,F in the last column refer to the following 

Notes 

A Additional information is to be found in the text. 

•07 = Dawson’s Kayles, -15 = Guiles, -31 = Stalking, 

•36 (cf Grundy and) -37 = Officers, -52 = Jelly Beans, 

•56 = Lemon Drops, -73 = Adders, -77 = Kayles, 

D Every entry is duplicated. For -44 the duplicated values are those of Kayles. 

T Every position is tame. For -73 and 4 • 3 every position is a Nim-position. T.S. Ferguson 
observed that • 73 and -333 do not have the same misere play (cf. entry -26 in Table 
6(b) of Chapter 4). 

H Every position is half-tame. The first few values for the three games -26, *57 and 4-7 
are closely related and contain increasing numbers of genus superscripts before settling 
down. Does this continue? 
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F Jim Flanigan has worked out a complete analysis: 

After its first 6 values, -34 has the exact period 

0312 2 1 120(2 2 1) + 1 

of eight terms. Two copies of 2 2 1 can be neglected by the Noah’s Ark Theorem. 

After its first 2 terms, the genus sequence for -71 exhibits period 6: 

101 2O 010 142 °. 

Although the various games of genus l 20 and O 1420 are distinct we obtain a correct analysis 
by pretending they are equivalent to r and s and using the genus table: 


+ 

0 

r 

2r 3r, 5r, 7r, ... 

4r,6r, 8r, ... 

0, 2s, 4s, ... 

0 12 ° 

l 20 

Q 02 x i3 

0°2 

s,3s,5s, ... 

0 142c 

1 J02 

O 20 l 13 

O 02 


Game Genus-sequence Notes 

•04 00011 12203 31110 4 ,46 3 l43, 332 0520 224 l4 <’4 ,46 0 ,2 ° a = 2,321 6 = 2,21 

•06 00112 20311 22 I420 3 ,43, 34 0S< ’ 4 4°s‘'•*o 20 5 147S 3 ,43, a = 2,31 6 = 2,21 

•07 .01120 31 103 1431 32 o52o 24‘ 4<, 0 5 05 ’2 0520 23 ,4J, 3 0 02 a = 2,21 6 = a3,0 A 

•14 .10010 21221 0414 l4 ®4 i->2 l420 21 3 2 1720 0 O2 l O3, 0 ,2 ° a = 2,321 6 = 2,420 

•15 .11011 22122 1101 4 1 4 22 1 J 22* 420 1 4 1 4 0'1 4 ! 4 a = 6 = 2,320 c = a,2,0 A 

•16 10012 21401 42 1420 l 2 4 2O46 0' ^oj^ifts^* 72 ^ 20 a-2,431 6 = 2,40 

•17 .11021 301 1 3 143 1 22 0520 34 i46 1 sos-’a >-»3 > 22 0520 3 l 13 a = l\2\ 6 = a3,0 

■26 .01230 1230 4 1 5 2 0420 3 31 0 20420 1 53, 2 020420 3 143 ‘ a = 3,321 6 = a + 1 c=a,a3 H 

■31 . 120°1 ‘0° l'OWl' 0°l‘0 o l‘0 o a = 2. 6 = 2., AT 

■34 .10120 10312 1420 1203 O53l 0 312 ,420 12 03 O53 ‘ a = c = 2,l b = d = a+l F 

•35 . 120°1 2 0° 2 2 l 02 2 2 0°l 2 0°2 2 1 o 2 2 2 0" l 20 O n 2 2 a = 2, 6 = 2.0 H 

•36 .10210 213 ,43, 21 3 143 ‘24 u ’ , ’ 4 3 ,431 0 20 4 OJo4 3 1431 2 20 a = 6 = 4 = 2,21 c=/=a,a20 A 

•37 .12012 3 ,43l 123 ,431 4 0564 0 2O 3 ,431 4 O564 2 2O l 13 3 0531 a = 6 = 2,21 c = a,a 20 A 

•44 .00112 23311 4 14<, 4 ,46 332 2 2 2 ! ‘1 , 4 046 4 04< ’ a = 6 = 2,321 c = </ = a,a3,2,30 D 

•45 .01122 31 14 ,4,> 4 4 32 J 2 : 1'1° 4” >7 2 2 a = 2,321 6 = 2,3210 

•52 .10221 0°32 2 1 , 0° 3 3 2 2 1 '0°3 J 2 2 1‘0° a = 2, 6 = 3,2,1 c = 3, 4 = 6,62„3 AT 

•53 .11221 0°22 2 4 4 0° 1*2 2 2 2 1 03 ‘ 1 1 2 2 2 2 4 4 1‘1 63 ' a = 2, 6 = 3,2,0 c = 3,2,32 ‘ H 

•54 .10122 24 1 1 1 1 6 222 2 4 15, 1‘ l'l 43l 2 2 2 2 a = 2,532 6 = 2,54320 H 

•56 .10224 1 1 1 324 4 4 4 6 6 6 6 2 2 l l 1‘7 7 6 6 8 8 4 4 1 1 1 1 a = 2,5432 6 = a,a4,2,321 AT 

•57 .11221 1221 4 1 4 2 20 2 20 1 43, 1 43, 2 ,42 ° 2 ,420 1 20431 a = b = 2 2 320 c = d = a,a2 1 30 DH 

■64 .01234 I5 ,46 3 3 21 431 5 ,4 "4 o5 '2' ,,4, ’6 465 ' a = 2,4321 6 = a3, 2,5421 

•71 . 12101 2 010 ,42o 10 l 2o 010 142 “l 01 2l, 010 142 " a = 2,0 6 = a,l F 

•72 .10231 0231 4 0° 2 2o 3 ), l 43, 0 o 2 , 420 a = 2,320 6 = 2, c = a,a2,30 H 

•73 . 1 230° 1 1 2 2 3 3 0°1 *2 2 3 3 0°1'2 2 3 3 0°1'2 2 a = 2, 6 = 3, c = 2„ 4 = 3„ AT 

•74 .10123 2414 146 6 657 232 2 1‘5 857 1'7 657 a = 2,5321 6 = a3,2,54320 

•75 12121 4 2 20 1 43, 2 20 1'2 20 1 13 2 20 1 ,3 2 20 a = 2,320 6=a2,30 H 

•76 .10234 16 ,46 234 4< ' i>i> 6 ‘*<’T»-’3>2 20 1 53, 6 746 a = 2, 54321 6 = a,a4,4,2,321 

•77 12314' 46 32 2 1'4 046 2 2 6 46 4 04 ‘1'2 2 7 57 1 ,3 4 64 3 3, 2 20 a = 2,321 6 = a,a3,2,30 A 

4-3 . 120°2 2 0° 2 2 0°2 2 0°2 2 0°2 2 0 o 2 2 0° 2 2 a = 2, 6»2„ c = 2,,, T 

4-7 12121 4 2 20 l 43l 2 1420 l 2043, 2 ,3,42 ° 1 202043, 2 ,3,3142 ° a = 2,320 6 = a,a2,30 H 


Table 5. Genus Sequences of Two-Digit Octal Games. 
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Stop Press: Even More Games are Tameable! 

A single tameable game can be added to any number of tame ones by the usual rules. If 

G = {T\,T 2 , ...,Ui,U 2 , —} 

where 7\, T 2 , ... are games we already know to be tameable, while Ui, U 2 , ... may be wild, then 
the three conditions for G to be tameable are: 

(i) its nim-values g y must be one of the tame pairs 

0°,l\2 2 ,3 3 ,4 4 ,... or 0 1 or 1° 

(ii) g y must also be the nim-values of the reduced game 

H = {T u T 2 ,...} 

(except that when H is empty, g y may be 0 1 or 0°) 

(iii) from each of the wild or unknown options Ui,U 2 , ... there must be reverting moves to 
two (possibly equal) tameable games of genus 

g ? and ? 7 

For example, all the entries 

q02 j 13 2^0 g31 q120 j031 

for the Kayles positions in Table 4 are tameable, of genus 

0 0 / , 1 1 / > 2 2 / , 3 3 / , 0 1 / , 1 o/ 

(/ being our way of distinguishing TAMEABLE from TAME). We have TAMEABLE + TAME 
= TAMEABLE, but TAMEABLE + TAMEABLE may be WILD. In fact TAME is the largest 
class of games that can be added like Nim-positions, and in which one player has a winning 
strategy which always returns to the class. 

A Complete Strategy for Misere Kayles 

This remarkable strategy has been found by William Sibert since our first edition. 

Let us first remind ourselves how to play Kayles well under the normal play rules. Figure 8 
should enable you to find the normal play outcome of any Kayles position without performing 
any nim-additions (or even understanding what they mean). Each of the circled nodes 1, 2, 
3, 4, 5, 6, 7, 8, represents a nim-value, and near it are written the lengths of all Kayles-rows 
having that nim-value. A superscript 4- sign indicates that arbitrary multiples of 12 may be 
added. 

We’ll say that a Kayles position mentions a node as many times as it has rows of the 
lengths written near that node. Then, to win in normal play, you should move only to positions 
of nim-value zero, that is to positions that 
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2 , 7 , 10 , 14 + , 19 + , 46 , 58 . 82 + 



1 , 4 , 8 , 13 , 16 , 20 + , 25 + , 40 + 28 5 . 9 . 12 . 17 + , 21 , 24 + ,57 

Figure 8. How to win in normal play Kayles. 

(n + means n, n + 12, n + 24, n + 36, . . . ) 

(A) mention no node oddly (i.e. an odd number of times), or 

(B) mention oddly just three nodes in line (note that 3, 5, 6 are in line), or 

(C) mention oddly just four nodes, namely, all except three in line and 8, or 

(D) mention oddly all seven nodes, 1, 2, . . . ,7. 

Following a time-honored practice we imagine that players can analyze one move ahead and 
so regard a game as solved when we have given a rule to determine the outcome of any given 
position. In fact, finding the good moves from an Apposition can be hard, but in normal play 
you can restrict the search to those options which involve a component of maximal nim- value. 

To understand our misere strategy, first note that each Kayles position is of one of four 
types: 

NN: Appositions in both normal and misere play. 

PP: P-positions in both normal and misere play. 

PN: P-positions in normal play, but Appositions in misere play. 

NP: Appositions in normal play, but P-positions in misere play. 

Positions of types NN and PP which behave similarly in normal and misere play are called 
frigid; those of types PN and NP which behave differently in normal and misere play are 
called frisky. Our claim is that a position is frisky only if all of its non-empty rows are of 
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To win at misere Kayles, move as you would in normal Kayles, except that 
you must not move to a position of type PN: 

The only positions of type PN are of one of the three forms 

(a) E(5)-E(4,l), 

(/?) E(17,12,9)-E(20,4,l), or 

( 7 ) 25-E(17,12,9)-D(20,4,l). 

All positions of form (a), (/?) or ( 7 ) are of type PN and each of them has 
nim-value 0. Note that the empty position is included in (a) and (/?). 

On the other hand you may move to a position of type NP: 

The positions of type NP are exactly those of the six forms 

D(5)-D(4,l) with nim-value 5 
E(5)-D(4,l) ... 1 

D(9)E(4,1) 4 

12E(4,1) ... 4 

E(17,12,9)D(20,4,1) ... 1 

25-D(9)-D(4,l) ... 4 


Table 6. A Strategy for Misere Kayles. 


risky length, i.e. , of length 1, 4, 5, 9, 12, 17, 20 or 25 (the bold numbers in Fig. 8 ). We 
also claim that all frisky positions are of one of the forms in Table 6 . In this the notation 
D(a, b,...) resp. E(a, b , . . .) refers to collections of oddly resp. evenly many rows of lengths a 
or b or ... . For example, 5 - 4 - 4 - 1 is of form D(5)-E(4) while 4 ■ 1 • 1 is of form D(4) E(1). 

It is also helpful to list some frigid positions: 


type 

notation 

description 

NN 

(n) 

any position of non-zero nim-value containing a row of 
rigid (non-risky) length n / 1, 4, 5, 9, 12, 17, 20, 25. 

NN 

(DE) 

a position of form D(5)-E(4,l), nim-value 4. 

NN 

(D-D) 

a position of form D(17,12,9) D(25,20,4,1), nim-value 5. 

NN or PP 

(5 -AT) 

any position containing a row of 5, and a longer row. 

PP 

(25 • 25) 

a position with just two rows of 25, nim-value 0. 


Our proof of the foregoing statements is via a set of four tables: 

Table PN. Table PN verifies the strategy for a non-empty position asserted to be of type 
PN. For the next player to win, it suffices to find a move to a position of type NP. These are 
listed in Table PN. 
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of PN pos 


tended ir 


(c) E(5)E(4,1) 

(0) E(17,12,9)E(20,4,1) 


4 1 ■ 1 or 1 -> 0 • 0 

else 5-»4'0 

20 9 • 9, 17 -► 12 • 4, 12 -> 9 • 1 

4— >1-1 or 1— >00 
else 9 -> 4 ■ 4 

25 -> 12 - 12 


E(5) • D(4,l) 
D(5) • D(4,l) 


E(17,12,9)D(20,4,1) 

D(9)E(4,1) 


( 7 ) 25E(17,12,9)D(20,4,1) 25 -> 12 - 12 E(17,12,9)D(20,4,1) 

Table PN. Recommended Moves from a Non-Empty Position of type PN. 


Table NP. For a position asserted to be of type NP we must check that there is no move 
to a position of type PP or NP. Since all positions of type PP have nim-value 0, and those of 
type NP have nim-value 1, 4 or 5, the change, A, in the nim-value for such a move must be 
1, 4 or 5. Table NP has a row for each move n — > a ■ 6, for which n is a risky number, 1, 4, 5, 
9, 12, 17, 20 or 25 and A = 1,4 or 5, and a column for each of the six forms of NP position. 
The entries are either N.A., if the move is not applicable; or (a), (0) or (7) if the move is to 
a PN position of that form; or (n), (5 ■ N), (25 • 25), (D-E) or (D-D) if the move is to a frigid 
position of that form (not of type PP since the nim-value is not zero). 



Table NR There is No Move, Involving a Risky Number, from a Position of Type NP to One of 
Type PP or NP. 
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1 -» 0 • 0 or 4 -» 1 • 1 
12 -* 9 • 1, 17 -i 12 • 4, 20 -» 9 • 9 
25 -» 12- 12 or 20 • 4 
16 — » 9 ■ 5, 36 -i 25 • 9, 52 — ► 25 • 25 

9 — 1 4 • 4 

8 -» 5 ■ 1, 12 -» 5 • 5, 20 -1 17 ■ 1, 

24 -t 17 ■ 5, 32 -» 25 • 5, 36 -* 17 • 17, 

41 -* 20 • 20, 44 -» 25 • 17 

5— >40 

13 — ► 12 • 0, 21 -» 20 • 0, 28 — 1 17 • 9 or 25 • 1 


with to a position must have been from 

A = of form a position of form 


E(17,12,9)D(20,4,1) 
1 or 

E(5)D(4,1) 

4 12-E(4,1), 

D(9)-E(4,l) 

4 or 
25-D(9)-D(4,l) 

5 D(5)-D(4,l) 


(0) or (a) 
OS) °r N.A. 
( 7 ) or N.A. 
N.A. 

09) or ( 7 ) 


Table PP. There Is No Move n -t a • 6 , from a PP Position to an NP Position, with a, b Risky and 
A = 1, 4 or 5. 


Table PP. Here we need only check that there is no move to a position of type NP. Such 
a move must be of the form n — i a ■ b, where a and b are risky (chosen from 0, 1, 4, 5, 9, 12, 
17, 20 and 25) and A, the change in nim-value, is 1, 4 or 5, since all positions of types PP and 
NP have nim-value 0, 1, 4 or 5. All such moves appear in Table PP, and all applicable ones 
lead to positions of type PN, i.e. of form (a), (0) or ( 7 ). 


a = 0 

1 

4 

5 

9 

12 

17 

20 

25 

b 

NN2 

NN2 

NN2 

5— *3-0 

NN2 

NN2 

NN2 

18-2 

19-6 

0 



3-2 

7 — t 5 • 1 


11-2 

15-3 





NN2 

2-2 

7 — t 5 • 0 

NN2 

8-5 

13-5 

19-2 

21-5 

1 



3-3 

5-t2-2 









NN2 

5 — 1 3 • 0 

8-5 

NN2 

16-5 

18-6 

24-5 

4 



8-1 

11 —1 9 • 1 


15-2 








8-1 

(5 -N) 

(5 -N) 

(5 -N) 

(5 -N) 

(5 -N) 

5 

Table NN1. 


5-12-2 







An entry 

c • d refers 


10 • 7 






to a substitute move 


NN2 

13-8 

13-13 

18- 11 

21 • 13 

9 

n -> r - rl f nr the . 








n -t a ■ b. 

A sing] 

1 ntrv ha 


14-10 

16 ■ 13 

24-8 

24 - 13 

12 

c + d = a 

+ 6 ; an 

entrv in t.he linner half of 


29-5 

21 • 16 

23 - 19 

17 

a cell haa 

c 4- W = 

a 1 ' \ - I and U availahle inat if the 


32-8 

24 - 21 

20 

original move knocked down one ninr an 

entrv in the lower half of 


(25 - 25) 

25 

a cell has 

c + d = 

a + 6+1 

and is available just if the original 

move 





knocked down two pins. An entry NN2 means that substitute moves are found in Table NN2, or 
that the position is not frisky. An entry m — t c • d indicates another form of substitute move which 
will be applicable provided the move was not from an NP position. An entry (5 • N) or (25 • 25) 
indicates that the move was in fact to a frigid position. 
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Table NN. For positions asserted to be of type NN, the normal play move, n — ► a ■ b, 
usually also works in misere play. When can it fail? Only when it is to a position of type PN, 
so that a and b are both risky. Table NN1 lists a substitute move for most of these cases, or 
it has an entry (5 ■ N) or (25 • 25) indicating that the position moved to is frigid. Substitute 
moves for the cases omitted from Table NN1 are found in Table NN2, or the position is not 
frisky after all. 


In place 
of the 
risky move 


from G (of type NN) to positions of type PN and of form 
(a) E(5)E(4,1) (/3) E(17,12,9)E(20,4,1) ( 7 ) 25E(17,12,9)D(20,4,1) 


1 -> 0 0 
2 — >00 
2 -> 10 
3-tl'0 

3— >11 

4— > 11 
5 -> 4 0 

9 -> 4 • 4 

10 -> 9 • 0 
11— >90 

11 ->9 - 1 

12 — > 9 • 1 

13 — > 12 • 0 

17 -> 12 • 4 

18 -> 17 0 
20 -> 9 • 9 


G was NP 
2— >10 
2 -> 0 • 0 
3 — > 1 • 1 
3 — > 1 • 0 
G was NP 
G was NP 

5 -> 2 • 2 or 
G was NP 
N.A. 
N.A. 
N.A. 
N.A. 
N.A. 
N.A. 
N.A. 
N.A. 


G was NP 
2 -> 10 
2 — > 0 • 0 
3 — > 1 • 1 
3-» 10 
G was NP 

9 -> 8 0, 12 -> 7 • 3, 17 -> 16 • 0, 
20 -> 15 ■ 3 or G was NP 
12 -> 5 ■ 5, 17 -> 8 ■ 8 , 

20 -> 13 ■ 5 or G was NP 
9 — > 7 • 0, 12 -> 10 • 0, 17 -> 13 ■ 3 
9 -> 5 ■ 2, 12 — > 11 • 0, 17 -> 15 ■ 1 
9 -> 5 • 3, 12 -> 6 • 5, 17 -> 15 • 0 
G was NP 

9 -> 8 • 0, 12 — > 7 • 3, 17 -> 16 • 0 
G was NP 

9 -> 7 • 1, 12 -> 10 • 1, 17 — > 14 ■ 1 
G was NP 


25 -> 14 • 10 
25 — > 15 • 9 
25 -> 20 • 3 
25 -> 15 ■ 9 
25 -> 20 • 3 
25 -> 14 • 10 
25 -> 24 • 0 

as for <J3) 

25 -> 21 • 3 
25 -> 15 ■ 9 
25 -> 20 • 3 
25 -> 14 • 10 
25 — > 24 • 0 
25 -> 14 • 10 
25 -> 23 • 1 
25 -> 14 • 10 


Table NN2. Substitutes for risky moves from G (of type NN) to positions of type PN. 


Sibert’s remarkable tour de force raises once again the question: are misere analyses really 
so difficult? A referee of a draft of the Sibert-Conway paper wrote “the actual solution will 
have no bearing on other problems” , while another wrote “the ideas are likely to be applicable 
to some other games” . The present success seems to be due to the facts that the period of the 
normal analysis is not very large, that the number and lengths of the risky rows are not large, 
and, perhaps most importantly, that there there are no non-empty single-row P-positions. We 
thought that there may not be many candidates awaiting a similar treatment, but there are 
the octal games -375 and -772 as well as -144. -145, • 147, -154 and their generalizations 
(see Table 8 of Chapter 4 and Table 5 of this chapter). In the meantime, Thane Plambeck 
introduced a weight function and obtained a Sibert-Conway type analysis of 4-7 (& 4-71), of 
4-74 (& 4-75. -75, -751, -752, -753), of -754 (& -755), of -756 (& -757), of -355 and of 
•357. Moreover, he conjectures that -15. -26, -53. -54, -57. -72 and their cousins (Table 6 (b) 
of Chapter 4) will yield to a similar analysis. 
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Glossary 


= ace = {0 1 tiny}, 357 
= -ace = (miny | 0}, 359 
= {on | A || 0}, 359 
A+ = {0 1| A off}, 359 
N 0 , alepk-zero, 329 
A, also, slow join, 286 
A , and, join, 278 

(x)„,{x| — y}„, Childish Hackenbush values, 
238 

a < b >, class a and variety 6, 363 

I* = {*|0}, clubs, 359 

4 = 0* = {1 *|0}, clubs, 359 

1 4 = {deuce 1 0}, clubs, 359 

• ^ O & Col and Snort positions, 47, 146 

7 ° , degree of loopiness, 361 

24 = {0|ace} = ace + ace = deuce, 357 

10 = {J|0}, diamonds, 359 

0 = 00 = {ace 1 1 0}, diamonds, 359 

10 = {0|0}, diamonds, 359 

{j. *|0} =| + 4, double-down, 68, 69, 71 
ft= {0| t *} = t + t, double-up, 68, 69, 71 
ft * = {0| t} =T + t +*, double-up star, 71 
4= {*|0}, down, 64 
4 2 = {t *|0}, down-second, 235, 236 
4s= {t + t 2 + * |0>, down-third, 235, 236 
4a6c...,4aSc..., 261 
+ , downsum, 336, 357 

dud = {dud|dud}, deathless universal draw, 
337 

e, epsilon, small positive number , 328 
=, equally uppity, 242, 247, 249 
[ J, “floor,” greatest integer not greater than, 
51, 311 

||0, fuzzy, 29, 32, 37 
G, general game, 28-31 


G || 0, G fuzzy 2nd player wins, 29 
G < 0, G negative, R wins, 29 
G > 0, G positive, L wins, 29 
G = 0, G zero, 1st player wins, 29 
G + H, sum of games, 31 
G L , (set of) L option(s), 31 
G r , (set of) R option(s), 31 
Q(n) nim- value, 82 

G. t= {G L . T + it * | G R . t + H- *}, 247, 
255, 258 

>, greater then, 32 

> greater than or equal, 32 

<1 , greater than or incomparable, 32, 35 

> , at least as uppity, 242, 246 
i = {0|1}, half, 7, 20 

I<? = {<?|0}, hearts, 359 
= 0<? = {1C?|A}, hearts, 359 
1<? = {0 | joker}, hearts, 359 
hi = {on || 0|off}, 355 
hot = {on|off}, 355 
|| , incomparable, 35 
oc = Z||Z|Z, 329, 334,391 
±oo = oo| - oo = Z|Z = f z *, 334 
oo ± oo = oo|0 = Z|0, 334 
oo + oo = 2.oo = Z || Z|0, double infinity, 334 
OO 0 -OO 2 , unrestricted tallies, 314 
387-395 
00 p-,6..., 333 
/, integral, 167-180 

J = {0|A+} = ace + (—ace) = joker, 358 
J = {A - |0} = ace +(— ace) = -joker, 359 
L, Left, 2 

LnL, LnR, RnR, positions in Seating games, 44 
<, less than, 32 
< less than or equal, 32 
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<1, less than or incomparable, 32, 35 

lo = {onjO || off}, 355 

T>, loony, 397, 407 

7t 7* 1 7i 7 _ > loopy games, 335 

s&t loopy games, 336 

-1 = { |0}, minus one, 19 

- on = {on|0 || 0}, miny, 353 

-i = {j|0 || 0}, miny-a-quarter, 134 

-x = {x|0 II 0}, miny-x, 126 

-f- nim-sum, 58 

off = { (off }, 336-340, 357 

a; = {0, 1, 2, ... | }, 329-333 

w + 1 = (wj }, omega plus one, 329-333 

wx2 = {a>,w+l,w+2,...| } = o>+w, 329-333 

w 2 = {w,w x 2,w x 3, . . . I } = w x w, 329-333 

on = {on| }, 336-341 

1 = {0| }, one, 7, 19 

ono = {on|0}, 355-356 

oof = {0|off}, 355-357 

over = {0|over} = 341 

7T = 3.141592653. . ., pi, 328-329 

±1 = {1| - 1}, plus-or-minus-one, 120-122 

(±1). t -{*|*}, 247 

41 = {H*|0} = 4. }, quadruple-down, 347 
Htr= {0| ft*} = 4. t, 71, 347 
t — {OI 5}, quarter, 6, 20 
7 = J- T= {1} *|1§- 4- +*}, quarter-up, 236 
4* = 1. f +* = {ft |li. },}, quarter-up-star, 
236 

R, Right, 2 

f = {*,tl4 *.0}, semi-star, 370 
I = 5. t= {IV *| I *}, semi-up, 236, 247 
§*=x-1‘+* = {ft|4}> semi-up-star, 236 
| = lft. T= {*|*}, sesqui-up, 236 
sign(), 348-350 

I, ||, HI, . . . slash, slashes, . . . separate L and R 
options, 6-7, 128-129, 366 
2* = {A|0}, spades, 359 
I* = {0|24}. spades, 359 
4 = 04|k = {0|14}< spades, 359 
14 = 0|4k. spades, 359 


9 

far star, remote star, 230-232, 244-251 
* =’{0|0}, star, 38 
*2 = {0, *|0, *}, star-two, 41 
*n = (0, *, . . . , *(n— 1)|0, *,..., *(n— 1)}, star- 
n, 41 

•a, star-alpha, 333 

1 = *. T= {ff *1 i *}, starfold-up, 236, 248 
*n, all nimbers except *n, 397 

*n — ¥ ., all nimbers from *n onwards, 397 
<5)= 0* sunny, 397-401, 404 
To6c...= — , superstars, 261 

2i3o, tallies, 300-326 
4 = { i |1}, three-quarters, 17 
+on = {0|oof } = {0||0|off} = tiny, 353, 357 
+ 1 = {0 || 0| — J}, tiny-a-quarter, 126 
+2 = {0 || 0| — 2}, tiny-two, 126 
+x = {0 || 0| — x}, tiny-x, 126 
tis = {tisn| } = 1&0, 342, 374 
tisn = { |tis} = 0&1, 342, 374 
(l,r)(l,r) c , Toads-and-Progs positions, 127, 136, 
368, 375, 376 

= {H *|0} = 3. J., treble-down, 71, 347 
= {0| fl- *} = 3. T, treble-up, 71, 347 
34 = {0|deuce} = trey = ace + deuce, 357 
A, triangular number, 253 

2 = {1| }, two, 7, 19 

under = {under|0} = —over, 341 

V. union, or, 300 

t= {0|*}, up, 64, 71, 261 

t“, up-alpha, 341 

f 2 = {0| 4 *}, up-second, 235, 236 

t * = {0, *|0}, up-star, 65, 229 

t 3 = {0| 4 + 42 +*}, up-third, 235, 236 

ta6c..„ 261 

upon = {upon|*}, 341, 375 
upon* = {0, upon * |0}, 341 
+ , upsum, 336, 357 
Vi ur, urgent number, 312 
Z = {. . . , —2, — 1, 0, 1, 2, . . .}, the set of inte- 
gers, 334 

0 = { | } = 0* = 0. t, zero, 7, 41 



Index 


absorbancy, downsum, 360 
accounts-payable, 127 
ace, 357 

action, in hottest game, 167 
active postion, 149, 150 
acute triangles, 254 
Adams, E. W., 117 
Adders = -73, 429, 444 
Adders-and-Ladders, 386 
addition 

of games, 31, 32 
of loony games, 399 
of loopy games, 390 
of switches, 120 

nim-, 58. 59, 73, 74, 90, 109, 110, 116, 199, 
246, 390, 418 
ordinal, 220 
two kinds, 191 

Additional Subtraction Games, 395 
additives of no atomic weight, 225 
adjacency matrix, 222 
Air on a 5-string, 96 
ajar, 408-410 

Alice in Wonderland, 1, 56, 57, 229 
all small games, 229, 230 
All Square, 405 

All the King’s Horses, 277-283, 286-289, 292- 
293 

Allemang, Dean Thomas, 454 
almonds, 379, 393 
also-ran, 286 
alternating moves, 46, 47 
Althofer, I., 86, 117 
amazing jungle, 208 
Amazons, 15, 16 


ambient temperature, 164, 168, 188 
ambivalent Nim-heaps, 426 
anatomy of Toads-and- Frogs, 63 
Andersson, Goran, 119 
anger, fit of, 317 
animals 
dead, 135 
Grundy’s wild 431 
tame, 425-430 
tracking, 202 
annihilation games, 224 
Argument, Poker-Nim, 55, 56 
Argument, Snakes-in-the-Grass, 191 
Argument, Tweedeldum and Tweedledee, 2, 3, 
35, 72, 349-350 

arithmetic, periodicity, 99, 113-117, 144 
arithmetically periodic, 187 
asymmetrical heating, 173 
atom, 229 

atomic weight = uppitiness, 200-202, 204, 206, 
208-209, 211, 220-222, 225, 230-232, 234, 
236-240, 242-244, 246, 248, 251, 253, 256, 
258, 259, 261 

calculus, 231, 232, 234, 237, 239, 242, 247, 
249, 256, 259 
of lollipops, 238 
of nimbers and of up, 232 
atomic weight 

eccentric, 231, 232, 237, 251 
fractional, 234, 236 
properties of, 236 
rules, 242, 

atoms, superheavy 333 
Austin, Richard Bruce, 52, 96, 109, 117 
average versus value, 10 
averages, playing the, 167, 173 
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Index 


baby-sitting, 413 
Bach, Clive 369 
back-handed compliment, 405 
Backgammon, 14 

Backsliding Toads-and- Progs, 367, 375-376 

bad child, 430 

bad move, 16 

Baked Alaska, 321, 323 

balance, 381 

ball, officers’, 96 

Ball, W. W. Rouse, 117 

Baseball, 15 

Basketball, 15 

battle, 3 

hot, 145, 299-302, 304, 305, 307, 310, 322, 
327 

Nim-like, 230 
Battleships, 15 
Beasley, John D., 18 
bed, redwood, 211, 213-217, 222 
Benson, E. C., 117 
Berge, Claude, 78 

Berlekamp, Elwyn Ralph, 16, 18, 77, 78, 123, 
144, 187, 188, 224, 225, 318 
Berlekamp ’s Rule, 77, 78 
Bicknell-Johnson, Marjorie, 79 
big firms, 423 

big game, 65, 75, 202, 206, 222, 417 
binary (base 2), 73 
bipartite graph, 217, 224 
birthday, 318, 417 
Black, Farmer, 145, 146 
Blass, U., 78 
blatantly loopy, 391 
blatantly winning ways, 420 
Blockbusting, 187 
blossom, 198, 199, 240 
bLue edge, 2, 198, 230, 237 
Blue Flower Ploy, 199, 201, 240, 242 
Blue Jungle Ploy, 201, 210 
bLue tinted nodes, 48, 204 
Blue-Red Hackenbush, 1-6, 15-17, 20, 22, 27, 
29-33, 35, 36, 42, 77, 179, 198, 200, 211- 
217, 224 

Blue-Red-Green Hackenbush, see Hackenbush, 
Hotchpotch 

Bodlaender, H. L., 117, 225 


V 


bogus Nim-heap, 57-58, 

Bond, James = -007, 94 
Bono, Edward de, 384, 408, 408 
bonus move, 405 
bottle, 218, 225 
boundary 

left, 154-156, 158, 164, 169 
right, 154-156, 164, 169, 170 
Bouton, Charles L., 42, 52, 78, 454 
brazils, 393 
breakthrough, 188 
Breuker, D. M., 144 
Bridge, 17 

bridge, 190, 194-196 
bulls 145, 146 

Bynum’s Game = Eatcake, 136, 234, 289 
Bynum, James, 136, 234, 289 
bypassing reversible options, 60, 62-64, 66, 70, 
71, 75, 77 
Byrom, John, 53 
Byron, Henry James, 81 

CABS, 388-393 
cabs, 364-366 
Caines, lan 117 

cake, 26, 51, 196, 220, 221, 284-288, 289-292, 
294-297, 299-303, 308-310, 321-323 
Calculus, Atomic Weight, 231, 232, 234, 237, 
239, 242, 247, 249, 256, 259 
Calistrate, Dan, 188 
canonical form for numbers, 22 
card sharp, 16 
cards, shuffling 
Cards, House of, 257-361 
carousel, 380 
Carroll, Lewis, 229 
cash flow, 126 
cashews, 393 

Cashing Cheques, 122-124, 145, 158, 159, 240 
ceiling, 51 

Celoni, James R. 226 
centralizing switches, 123 

green, 40 

Snort, 147, 149-151, 153, 156-158, 161, 167, 
168, 177, 180-183 
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redwood, 211 
swivel, 349 

chalk-and-blackboard game, 1 

chance moves, 14 

Chandra, Ashok, K., 224, 227 

change of heart, ix 

change, phase, 167, 168 

charge, electric, 253, 254 

Charming Antipodean Beauty Spot, 391 

Checkers, 18 

Checkers = Draughts, 224, 226, 227 
cheque-market exchange, 158, 159 
Chess, 14, 18, 224, 226 
Dawson’s 89-92, 101, 109 
child 
bad 430 
good 427 

Childish Hackenbush, 43, 52, 157 

Childish Hackenbush Hotchpotch, 236—238 

childish lollipops, 237-240 

childish picture, 43 

children’s party, 132, 170 

China 16 

Chinese Nim — Wythoff’s Game, 427 

Chytie, M. P., 227 

class and variety, 362-363 

class, outcome 28, 84 

closed 408-410 

cloud, 31, 36, 121, 149, 150 

clubs, 359 

coalitions, 15 

code digits, 92, 93, 101, 103-105, 107, 108, 113, 
117 

Coinage, Sylver, 15 
coins, 123-124 

Col, 38, 39, 47-51, 67, 68, 75, 145, 224 

cold game, 299-300, 307, 316, 317 

cold position, 301, 304-306, 322 

cold war, 299-302, 304, 306, 307 

cold work, 316 

Coldcakes, 300 

colon notation, 243, 244 

Colon Principle 191, 193, 194, 220, 355 

coloring, 38, 145, 147, 187 


Commaandment, 

Lukewarmth, 307, 310 
Markworthy, 317 
common coset, 110 
common values, 110 
comparing games, 35, 36, 122, 348 
compendium, 109, 387 
complementing effect, 405 
complete in exponential time, 225 
complete in Pspace, 224 
complete information, 14 
complimenting moves, 379, 405-407 
component, 20, 22, 31, 32, 35, 278, 281, 286, 
288-289, 299-302, 307, 312, 325-326, 396- 
398, 415 
cold, 299, 300 
hot, 299, 300 
loopy, 410 
tepid, 327 
compound 

conjunctive, 278, 284, 286 
continued conjunctive, 286 
disjunctive, 289 
impartial, 396 
selective, 299, 300 
severed selective, 312 
shortened selective, 312 
subselective, 396 
compound game, 31, 299 
compound thermograph, 164 
computing power, 163 
confused, 31, 68—71, 

confusion interval, 121, 149-151, 158, 163 
conjecture, 112 

conjunctive compound, 278, 286 
Connell, Ian G., 78 
continued conjunctive compound, 286 
contract, 126 

convention, normal play, 14 
Conway, John Horton, 18, 22, 52, 78, 117, 123, 
144, 188, 225, 262, 298, 377, 446, 454 
Cook, Stephen A., 224, 225 
cooling, 151, 152, 154, 167, 179, 231 
formula, 151 
Coolcakes, 308-309, 321 
cooling, 151, 152, 154, 167, 179, 231 
formula, 151 
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Index 


coprime, 404 
Corinthians I, 13.12 , 69 
cork-screw, left-handed, 379 
cosets, common, 110 
costs, 161 

counters, heaps of, 41 
Couples, Seating, 44, 45, 132, 133 
cousin, 101, 103-105, 107, 109, 114, 116 
Cowley, Abraham, 119 
cows, 145-147 

Coxeter, Harold Scott Macdonald, 78, 117 
Cram = Impartial Domineering, 142, 144, 298 
cricket, 15 

criminal, minimal, 194, 214 
critical temperature, 167, 168, 171 
Crosscram = Domineering, 119, 298 
Cutcake, 25, 26, 31, 32 
Hickerson’s, 51 

Cutcakes, 284-285, 292-294, 300 
cutting, 284, 292 
cycles, 192-194, 213-214 

D.A.R., 361 
Damfi, J. E., 225 

Dawson’s Chess = -137, 89-92, 101, 109 
Dawson’s Kayles = -07. 15, 90, 93, 95, 101, 
109, 261, 438, 444 
Dawson, Thomas Rayner, 89, 117 
dead animals, 135 
Death Leap principle, 127-130, 135 
degree of loopiness, 361 
degree of upon, 375 

deleting dominated opinions, 62, 63, 75, 77 
delphinium, 47, 199, 242 
Descartes, Blanche, 96, 177 
deuce. 357 
devil’s label, 195, 209 
diamonds, 359 
Difference Rule, 74, 404 
digits, code, 92, 93, 99, 101, 103-105, 107, 108, 
113, 117 
Dim, 98, 442 
with Tails, 404 
disarray, 95 
discount, 161 
disentailing, 401 
disguise, 95 

disjunctive compound, 278, 289 




dissection, 128, 129, 134 
disassociation, thermal, 168 
Dividing Rulers, 436-437 
dog with leftward leanings, 4 
dominated option, 62, 63, 75, 77, 126, 149 
Domineering = Crosscram, 119-122, 139, 142, 
144, 153, 177, 298, 366 

Domineering, Impartial = Cram, 142, 144, 298 
Dominoes, 119 

Don’t-Break-It-Up Theorem, 213, 214, 216 

Dots-and-Boxes, 15, 95, 225 

Double Duplicate Nim, 114 

Double Hackenbush, 343 

Double Infinity, 334 

Double Kayles, 99 

double-down, Jj, 68, 69, 71 

double-six, 405 

double-up, ff, 68, 69, 71, 242 

doubling of nim- values, 94 

down J., 68, 151 

down-second, 236 

downsum, 336, 355, 357, 360 

drawn, 14, 335 

dud = deathless universal draw, 337-338, 353 
Dress, Andreas, 117 
Dudeney, Henry Earnest, 82, 117 
Duffus, Dwight, 312 
Duplicate Kayles, 99, 444 
Duplicate Nim, 114, 116 
duplication of nim-values, 94, 98, 99, 114, 116, 
444-445 

Duvdevani, N., 79 

Eatcake = Bynum’s Game, 136, 234, 289 
Eatcakes, 234, 286, 289-292, 295-297, 308 
eccentric cases of atomic weights, 231, 232, 
237, 239, 249, 251 
economy, underlying, 151 
edges, 40, 43, 135, 345 

bLue and Red, 2-6, 29, 30, 77, 198, 201, 
230, 237, 329, 343 

grEen, 29, 30, 33, 40, 41, 190-196, 198-202, 
204-206, 210, 211, 218, 220, 221, 225, 237, 
251, 330 

pink and pale, 343-344 
electric charge, 251, 253, 254 
empty set, 82, 399 
ender, 329-330 
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Endgame, 416 
Engames, Go, 187 

ending condition, 14, 35, 46, 47, 329 
enlarged flow, 204, 311 
Enough Rope Principle, 16 
entailing, 379, 396-405 
equally favorable, 35 
equally uppity, 242, 245 
equitable, 157-161, 169-172 
eternal games, 46, 379 
even, 279, 281, 282, 287 

evicts!, 306 

timer, 303, 305, 307, 314, 317 
Even, Shimon, 224, 225 
evil = even, 287, 307 
evil numbers, 110 
exactly periodic, 86 
exceptional values, 90-92, 101, 108 
excitable, 157-161, 169-172 
excluded tolls, 306 
excluded values, 111 
exemptions, tax, 151 

Ex-Officers Game = -06, 101, 103, 445, 490 
explosive nodes, 49, 50 
exponential-time algorithms, 224 
extended thermograph, 161, 162 
Extras, 14, 46, 73, 101, 134, 180, 220, 255, 292, 
325, 369, 408, 442 

Fair Shares and Unequal Portions, 380, 394 
Fair Shares and Varied Pairs, 379, 410 
fairy chess, 117 
fairy tale, 312 

Falada, 312-314, 319-321, 325-326 

favorite, 262, 278, 282, 284, 289 

Ferguson’s Pairing Property, 86 

Ferguson, Thomas S., 86, 117, 430, 454 

fickle, 413, 423-425, 429, 432, 434 

field, 145, 312-314, 325-326 

fifth column, 411 

fine print, 126 

finicky figures, 323 

finishing line, 407 

firm, 413, 423-425, 429, 432 

bite, 323 

cousin, 101, 103-105, 107, 109, 114, 116 

eaten strip, 295 


home, 278, 283, 320, 322 
horse stuck, 281 
off, 312 

one-by-one cake, 284 
player wins, 28-30 
strip, 295 
fit 22, 251 
fixed 335 

Flanigan, James Allen 377, 445 
floor, 51, 75, 311 
flow, 202, 204-206, 208, 209, 222 
flow, cash, 126 

Flow Rule, 201, 202, 204, 210 
flower, 29, 30, 33, 35, 36, 47, 66, 67, 190, 195, 
199-201, 210, 230, 240, 242, 245, 246, 364 
flower garden, 190, 199, 229, 230, 240 
flowerbed, 242, 244, 246 
flowerstalk = stem, 36 
foot, 211, 212 

Ford, Lester R., 205, 212, 225 
forging, 389 

canonical, 22 
simplest, 22 

standard, 101, 103-105, 107-109, 114 
Formula, Cooling, 151 
foundations for thermographies, 155 
Fox-and-Geese, 15 
fractional atomic weights, 234, 236 
multiples, 256 

Fraenkel, Aviezri, 18, 78, 224, 226, 412 
free, 335 

freezing point, 154, 168-172 
French Military Hunt, 15 
Frogs, see Toads 

Fulkerson, Delbert Ray, 205, 212, 225 
function 

Steinhaus, 279 
Welter, 193 

furniture, redwood, 211, 212, 213-217, 222 

fusion, 192-196 

fuzzy flowers, 29, 30 

fuzzy games, 28-33, 35, 36, 39, 42, 239 

fuzzy positions, 28, 32, 33 

Gale, David, 117 
gallimaufry, 68, 75 
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Galvin, Fred, 253 
galvinized games, 253, 254 

birthdays, 417 
identification, 65 
locator, 464 
reserves, 414 
tracking, 65, 222 
with cycles, 376 

Game, Additional Subtraction, 395 
big, 65, 75, 202, 206, 222 
Bynum's = Eatcake, 136, 289 
cheap, 387 

cold, 145, 299, 300, 307, 316, 317 

coolest, 173 

comparisons of, 35 

compendium, 109, 387 

compound, 31, 299, 312 

eating, 136, 234, 286, 289-292, 295-297 

entailed, 379, 396-405 

equitable, 157-161, 169, 170, 172 

eternal, 46, 379 

excitable, 157-161, 169-172 

fairly hot, 307 

Falada, 320-321 

finite, 46, 115 

fuzzy, 28-33, 35, 36, 39, 42, 239 
galvinized, 253, 254 

Grundy’s, 15, 96, 112, 310, 434, 439-440, 
444 

half-tame, 423, 435-437, 444, 445 
hard, 211, 217, 223 
hexadecimal, 116, 117 
hot, 125, 133, 145-174, 176-185, 187, 225, 
300-308, 316, 326 
hot and cold, 307 

impartial, 14, 40, 56, 82, 84, 196, 220, 281, 
283, 284, 289, 291-294, 296, 297, 330, 379, 
396 

impartial loopy, 275, 379-412 

impartial misere, 275, 413, 446 

Kenyon’s, 116, 117 

L-, 384, 408, 412 

loopy, 15, 275, 327, 334-377, 396 

map-coloring, 38, 145 

misere Grundy’s, 416-420 

misere octal, 443-445 
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negative of, 33-35 
Northcott’s, 55 
octal, 101, 103-105, 107-116 
ordinal sum, 220 

partizan, 15, 65, 187, 275, 292, 295, 312, 
376, 379 
reduced, 446 

restive, 425-426, 432-438 
restless, 432-435, 443 
Sato’s Maya, 427 
short hot, 225 

simplifying, 60, 62, 63, 75, 77 
subtraction, 84, 86, 87, 98, 395, 430, 442 
switch, 121-125 

take-and-break, 81, 82, 84, 86, 87, 89-96, 
98, 99, 101, 103-105, 107-117 
take-away, 82, 87, 100, 319 
tame, 417, 422-438, 443-446 
tamable, 425, 446 
tepid, 306, 308, 316, 327 
tiniest, 125, 126 
tracking, 65 
Welter’s, 427 
wild, 430 

Wythoff’s, 15, 60, 74, 427 
zero, 4, 9, 33, 41 
garden 33, 199, 229, 230, 240 
Gardner, Martin, 18, 52, 144, 298 
Garey, Michael R., 217, 224, 226 
gathering, 354 
Gauss, Karl Friedrich, 254 
gee-up, 247 

Generalized Geography, 224 

Generalized Hex, 224 

Generalized Kayles, 224 

genus, 422-446 

geranium, 47, 199, 242 

gift horse, 72, 77 

Gift Horse Principle, 72, 77 

Gijlswijk, V. W.,, 384, 412 

Ginny, 387-391 

giraffe, 205-206 

glass of wine, 379-380 

glass, magnifying, 151 

Go, 16, 18, 161, 187, 188, 224, 226 

Go-moku, 14 

godd, 195, 226 
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godd’s label, 195 
Goldbach position, 382 
Goldbach’s Nim, 401 
golden number, 75 
Goller, Nicholas E„ 386, 408 
good = odd, 287, 307 
good child, 427 
good move, 16, 22, 196, 397 
Good, Irving John, 226 
Goose Girl, 312 
grafting plumtrees, 354 
Grantham, Stephen Brian, 273 
graph, 145-147 
bipartite, 217-224 
spanning tree of, 217, 224 
graphic picture of farm life, 145, 146 
grass, 40, 42, 199, 240, 242 
Great Hall, 372 
Great-Aunt Maude, 387 
Greek letters, loopy, 3, 35, 364 

chain, 40 

edges, 29, 30, 33, 41, 190-196, 198-202, 204- 
206, 210, 211, 218, 220, 221, 235, 237, 251, 
330 

girl, 192, 193 

Hackenbush, 39-42, 190-196, 225 
jungle, 198, 199, 201, 220, 221 
193 

snake, 40 
tinted nodes, 204 
trees, 191-193 
greenwood trees, 34 
grounding cycles, 193, 196 
grown-up picture, 43 
Grundy 

scale 87, 90, 91, 94, 96, 101, 398-399, 406 
Skayles, 91 
Grundy, Mrs., 310 

Grundy, Patrick Michael, 42, 56, 79, 117, 220, 
221, 333, 417, 444, 454 

Grundy’s Game, 15, 96, 112, 434, 439-440, 444 
misere, 416-420 
wild animals, 431 

Guiles = -15, 94, 101, 103, 436, 444 
Guy, Richard Kenneth, 18, 89, 99, 109, 117, 
118, 144 


Hackenbush, 1-6, 14, 19, 20, 28, 42, 43, 75, 
190-196, 198-202, 204-206, 208-218, 220- 
222, 224, 224, 240 

Hotchpotch, 29, 30, 38, 47, 66-68, 198-202, 
204-206, 208-211, 225, 230, 238, 251 
is hard!, 211, 217 
number system, 78 
picture, 1, 2 

string, 22, 24, 77, 78, 194, 195, 329 
Hackenbush, Blue-Red, 1, 2, 4-6, 15, 17, 20, 
22, 27, 29-33, 35, 36, 42, 77, 198, 200, 
211-217, 224 
Childish, 43, 52, 157, 237 
Double, 343 

Green, 39-42, 190-196, 225 
Infinite, 327, 332, 344 
Loopy, 343, 344 
half-move, 4, 7, 9, 19, 20 
half-off, 356 
half-on, 356 

half- tame, 414, 423, 435, 444 
halving nim-values, 195 
Hanner, Olof, 188 
hard game, 211, 217, 222, 223 
hard problems, 223-225 
hard redwood bed, 217, 222 
hard-headed, 179 
hardness, 211, 217, 223, 225 
Hawaii, 16 
Harry Kearey, 318 

animals’ 205 
girl’s 193, 196 
losing your, 222 
severed, 205, 220-222 
shrunken, 220-221 
heaps, see also Nim-heaps 
hearts, 359 

heat, 125, 132, 145, 299 
heat, latent, 307 
heating, 167, 173 
hereditarily tame, 425 
heuristic discussion, 158, 159 
Hex, 226 

hexadecimal games, 116, 117 
hi, 355, 356 
Hickerson, Dean, 51 



higher ground, 209 
hierarchy, 96 
highway, 364, 391 
hilarity, 380 
Hilbert Nim, 333 
Hillman, A. P., 79 
Hockey, 15 
Hoey, Dan, 112 
Hoggatt, Vern E., 79 
Holladay, John C., 118 
hollyhocks, 36 

home, 277, 280, 281, 286, 289, 320, 322, 386- 
387 

Honest Joe, 158, 159 

horse, 27, 28, 278, 281-284, 286, 292-293, 312, 
314, 320, 326 
also-ran, 286 

favorite, 278, 282, 284, 289 
gift, 72, 77 
outsider, 286, 289 
racing, 288 
remote, 278 
slow, 286, 289 
working out, 28 
Horsefly, 395, 411 
hot, 300, 301, 322, 326, 355-356 
hot, 125, 133, 145, 149, 151, 171, 173, 225, 300, 
304, 307, 316 

battle, 145, 299-308, 310, 322, 327 
coating, 322 
component, 299-300 

game, 125, 133, 145, 171, 173, 225, 300, 307, 
316, 317, 326 
position, 149, 304 
work, 316 
Hotcakes, 299-304 

Hotchpotch, Hackenbush, 38, 47, 66-68, 198- 
202, 204-206, 208-211, 225, 230, 238, 251, 
Hotstrat, 188 
house and garden, 33 
House of Cards, 357-361 

illegal, 320, 322, 404 
imminent jump, 9-11 

impartial, 15, 40, 56, 82, 84, 196, 220, 291, 330, 
379, 396 

Cutcakes, 284, 292, 294 
Domineering = Crosscram, 142, 144, 298 


horse-moving, 283, 289 
infinite tolls, 314, 315, 317, 319, 320, 326 
remoteness, 296 
incentive, 147, 148, 256-259 
incomparable, 35 
induction, 115, 234 
inequalities for stoppers, 351 
Inequality Rule, 348-349 
infinite 

delphinium, 47 
ender, 329 
geranium, 47 

Hackenbush, 327, 332, 344 
Nim, 330 

ordinal numbers, 329 
repetition, 14, 384 
Smith theory, 333 
tolls, 315-320, 325-326 
infinitesimal, 36, 169, 170, 171, 173, 229 
infinitesimally close, 151, 152, 154 
infinitesimally shifted, 177-179, 198 
infinitesimally small, 158 
infinity, 329, 334, 391 
Inglis, Nick, 51 
ink, waste of, 382 

integral, 167-174, 176-179, 334, 366-367 
Intermediate Value Theorem, 426-438 
interval, confusion, 121, 149-151, 158, 163 
invoices and cheques, 126 
irregular values, 90-92, 101, 108, 187 
ish = Infinitesimally-SHifted, 177-179, 198 
Jelly Beans = -52, 428, 444 
Jimmy, 387-391, 413 
Johnson, David S., 217, 224, 226, 
join, 277-298, 300 
rapid, 286, 289 
slightly slower, 283 
slow, 286-291, 300, 302 
joker, 358 
jumpee, 11 
jumper, 9 

jungle warfare tactics, 210 
jungle 

clearing, 222 
green, 198, 201, 220, 221 
parted, 201, 202, 209 
sliding, 199 
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smart game in, 209 

stop, 149, 150, 152, 161 

tracking, 204 

tally, 301, 302, 304, 310, 314, 327 

imparted, 210 

Lefty, 25, 51, 234, 284, 289, 300, 308 
leg, 211-213, 215, 222 

Kano, M., 118 

Lemma 

Kao Kuo-Yuen, 188 

Norton’s, 220, 243, 244, 354 

Karp, Richard M., 217, 224, 226 

Lemon Drops = -56, 428, 444 

Kayles = -77, 15, 81, 82, 89, 91-93, 95, 99, 

Let them eat cake!, 289 

110-112, 417, 424 

Li Shuo-Yen, Robert, 343, 373, 377 

Kayles 

Li’s Rules, 344 

Dawson’s = -07, 90, 93, 95, 101, 109, 438, 

Lichtenstein, 224, 226 

444 

Life, 15, 53 

Double, 99 

lightning bolts, 50 

Misere, 431-432 

line, real number, 24 

Quadruple, 99 

lo, 355-356 

Triplicate Dawson’s, 271 

lollipops, 237, 238, 240 

Kenyon’s Game, 116-117 

long periods, 109 

Kenyon, John Charles, 109, 115, 118 

loony, 322, 397-407 

Kindervater, G. A. P., 384, 412 

loopiness, 361-363 

King’s Horses 

blatant, 391 

All the, 277-283, 286-289, 292, 293 

degree of, 360 

Some of the = Falada, 312 

latent, 375, 391 

King, Kimberley, 222 

patent, 376, 391 

kite strategy, 243, 244, 246 

loopy component, 390, 410 

knight, 278 

loopy game, 327, 334-377, 396 

Knight, White, 56-59, 278 

loopy Hackenbush, 343-345 

Knuth, Donald, 18, 51 

loopy option, 410 

Kriegspiel, 15 

loopy position, 389, 408 
loopy value, 387, 389-391 

L-game, 384, 408, 412 

Lose slowly!, 278 

Lacrosse, 15 

losing, last player, 413-446 

Lasker, Edward, 99, 118 

Lost World, 413-414 

Lasker’s Nim, 99, 113, 114 

Loyd, Sam, 82, 118 

last cut, 294 

lucky star, 246, 249 

last home, 286, 289 

Ludo, 14, 15 

last horse, 286, 289 
last move, 171 

Lukewarmth Commandmant, 307, 310 

last mouthful, 289 

m-plicate, 98 

last player losing, 446 

making tracks, 204 

last player winning, 2, 9, 12, 14 

management of cash flow, 126 

latent heat, 132, 307 

many-way Maundy Cake, 220, 221 

latent loopiness, 375, 391 

map, 38, 145 

latent phase change, 168 

Mark, 4-%4 : Matthew 13.12, 405 

lateral thinking, 384, 412 

Markeert, D., 225 

Left, 2 

markup, 161 

boundary, 154-156, 164, 165, 169, 170 

Markworthy Commandment, 317 

excitable, 158-159 

mast, 152, 154, 163 

remoteness, 279, 281-283 

mast value = mean value, 165, 166 



464 Index ( v > 


mattress, 215 

Mauhin, Patrick, 27 

Mauldon, James G. 79 

Maundy Cake, 26, 27, 51, 196, 220, 221 

max, 288 

maxim, 278, 279, 287 
maximal flow, 202, 204-206, 209 
Maya Game, Sato’s = Welter’s Game, 427 
mean value, 149, 151-154, 165-168, 172, 174, 
178 

mex = minimum-excludant, 56, 418 
Milnor, John, 188 
Milton, John, 19, 145 
minimal criminal, 194, 214 
minimal spanning tree, 217-224 
miny, 126-129 
miny, 353 
misere 

birthdays, 417 
Cutcakes, 284, 292, 294 
Eatcakes, 289, 291 
Grundy’s Game, 416-420 
Kayles, 431-432 
Nim, 413 

octal games, 443-445 

play, 15, 86, 278, 281, 282, 284, 286, 287, 
291, 293, 312, 413 
remoteness, 283 
theory, 415-419 
suspense, 289 
unions, 312 
Wyt Queens, 427 
mistake, inevitable, 382 
mixed, 335 

Moews, David, 52, 188, 224 
money, 171 
Monopoly, 15 

Moore, Eliakim Hastings, 427 
Moore’s Nim, 427 
Morra, Three-Finger, 15 
Morris, Lockwood, 225 
mountain, purple, 198, 199 
moves, 14, 40 
abnormal, 325 
alternating, 46, 47 
bonus, 405 
chance, 14 


complimenting, 379, 405-407 

consecutive, 405 

entailing, 379, 396-405 

equitable and excitable, 161 

five-eights of a, 20 

good, 16, 196, 397 

half, 4, 19, 20 

horse, 406 

hotter, 173 

illegal, 320-322, 404 

legal, 404 

loony, 397-407, 411 
non-entailing, 397-398, 400 
non-suicidal, 322 
normal, 325 

overriding, 312, 314, 317, 319, 320, 326 
pass, 281, 283, 284, 286, 289, 292, 293, 294, 
338, 352, 355 
predeciding, 312, 320, 321 
quarter, 6, 20 
repainting, 343 

reversible, 55, 56, 60, 62-64, 66, 70, 71, 75, 
77, 126, 212, 213, 415 
reversible misere, 415 
reverting, 425 
suiciding, 312, 320 
sunny, 397-401, 404, 407, 411 
temperature-selected, 132 
three-quarter, 17 
trailing, 402 
worthwhile, 213-216 
Mrs. Grundy, 310 
Muller, Martin, 18, 188 
multiples of up, 71, 242, 247, 256, 258 
multiples, fractional and non-integral, 236 
Munro, Ian, 226 
musical series, 96, 117 

Af-positions, 279, 381-384, 408, 410, 439 
negative, 28 
charge, 254, 

numbers, 19, 147, 148, 330 
of a game, 33-35 
positions, 28 
Neyman, A., 117 
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nim, 15, 40, 42, 53, 55, 56, 114, 173, 191, 240, 
387, 454 

Chinese = Wythoff’s Game, 427 

Double Duplicate, 114 

Duplicate, 114, 116 

Entailing, 400 

Goldbach’s, 401 

Hilbert, 333 

in hot games, 173 

infinite, 330 

Lasker’s, 99, 113, 114 

misere, 413 

Poker, 55 

Triplicate, 114, 116 
two-dimensional, 332-333 
Welter’s, 427 

nim-addition, 58, 59, 73, 74, 90, 109, 110, 116, 
191-196, 199, 246, 390, 418 
Nim-heaps, 41, 42, 56-59, 82, 389, 393, 413, 
418-424, 426, 430, 434, 436 
ambivalent, 426 
bogus, 56, 57 

Nim-position, 41, 388, 413, 425-426 
nim-sequence, 82, 84, 86, 87, 94, 98, 99, 101, 
103-105, 107-109, 113, 114, 116 
nim-sum, 59, 73, 74, 82, 90, 91, 109-112 
nim- values, 82, 84, 86, 87, 90-96, 98, 99, 110- 
117, 191-196, 387-408, 410-411, 425-426, 
442 

addition, 390 
doubling, 94 

duplication, 94, 98, 99, 114, 116, 444-445 
halving, 195 

periodic, 84, 86, 91, 92, 94, 98, 99, 101, 103- 
105, 107-110, 112-117 
reflected, 109 
relevant, 396 
replication, 98 

nimbers, 40-42, 56, 57, 65, 74, 84, 110, 119, 
199, 200, 231, 258, 262, 397-401, 405-406, 
418 

adding, 42, 58 
infinite, 330 
Nimj,-, Moore’s, 427 
No Highway, 364-367 
Noah’s Ark theorem, 423, 432-435, 443 


nodes 

Col, 47-51 
explosive, 49-50 

game positions, 42, 341—343, 354—358, 369- 
370 

Hackenbush, 191-194, 201, 202, 204, 222 
Snort, 147, 180 
tinted, 204, 206, 208-210, 222 
untinted, 204, 209, 210 
non-number, 147, 148, 159, 160 
normal move, 325 

normal play, 12, 14, 278, 279, 281, 282, 284, 
286, 287, 291, 293, 300, 312 
Northcott’s Game, 55 

Norton, Simon P., 145, 168, 188, 220, 243, 244, 
247, 256, 354 

Noughts-and-Crosses = Tic-Tac-Toe, 14 
novice, 382 

NP-complete, 217, 224, 226 
NP-hard, 224, 225 

Number Avoidance Theorem, 147-149, 183 
number system 
Hackenbush, 78 
tree and line, 24 
numbers, 22, 119, 300, 314 
canonical form, 22 
infinite ordinal, 329 
overheated, 176 

simplest, 19, 21, 22, 305, 307, 314 
Surreal, 18 

suspense, 286-289, 292, 294, 315, 317 
thermographic thicket of, 176 
triangular, 254 
whole, 19 

nutcrackers, impossible, 379 

0-positions, 382, 384, 390-391, 408, 410 
O’Beime, Thomas H., 79, 118, 454 
obtuse triangle, 254 

octal games, 101, 103-105,107-116, 267, 443- 
445 

odd, 279, 281, 282, 287, 303, 305, 307, 314, 317 

odd admits!, 306 

odious numbers, 110 

off, 336-340, 353, 355-358 

Off-Wyth-Its-Tail, 402 

Officers = -6, 95, 439-440, 444 
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offside, 336-337, 340, 344-345, 348, 354-355, 
369-370 

Omar, 42, 72, 109, 138, 188, 262 
on, 336-338, 353 
On-the- Rails, 406-407 

ONAG = On Numbers and Games, 18, 22, 48, 
52, 78, 117, 139, 144, 188, 193, 225, 234, 
236, 262, 278, 298, 454 
One-for-you, Two-for-me, . . ., 319 
One-upmanship Rule, 242 

ono, 355-357 

onside, 336-337, 340, 344-347, 354-355, 369- 
370 

oof, 355-358 

open, 382, 384, 390-391, 408, 410 
option, 14, 154, 155 
best, 303 

dominated, 62, 63, 75, 77, 149 
Left, 31, 32 
loopy, 408 
non-loopy, 389 
questionable, 387 

reversible, 60, 62-64, 70, 71, 75, 77, 387 
Right, 31, 32 
suicidal, 317, 327 
worthwhile, 213-215 
optional extras, 84 
ordinal numbers, 329 
ordinal sum, 220 
outcome, 28, 35 
classes, 28, 84 
of sum, 31, 32 
outsider, 286, 289 
over 341, 353 

overheating, 174, 176, 187, 366 
overriding, 312, 314, 319, 326 

P-positions, 279, 381-385, 408, 410-411, 416- 
417, 419-424, 426, 431-432, 433 
Pairing Property, Ferguson’s, 86, 442 
pairs, restive and tame, 425 
pale twig, 344 
parity, 73, 234 
Parity Principle, 191, 194 
parody, 286 

parted jungle, 201, 202, 209 
particles, 168-170 

partizan, 15, 65, 187, 292, 295, 312, 376 


pass, 281, 283, 284, 286, 289, 292-294 

patently cold and hot, 307 

patently loopy, 376, 391 

paths = tracks, 193, 202, 204, 222 

Patience = Solitaire, 15 

Paul Wolfgang J., 226 

pawns, 89 

Peek, 224 

Peg Solitaire, 15 

pencil-and-paper game, 1 

Penfield, Wilder, 414 

periodicity, 90-94, 99, 101, 109, 113-15, 117, 
236, 292, 310 

arithmetic, 99, 113-117, 144, 187 
Dawson’s Chess, 90-91 
Domineering, 144, 187 
Eatcakes, 289, 291 
Guiles, 94 
Kayles, 91, 92 

octal games, 101, 103-105, 107-109, 113- 
115 

subtraction games, 84, 86 
ultimate, 99, 101, 112, 289 
petal, 33, 47, 66, 67, 199, 201, 240, 245, 344 
phase change, 167, 168 
phase change, latent, 168 
picture, 1, 2, 192 

of farm life, 145, 146 
piebald node 47-48 
piebald spot, 145-147 
pink twig, 344 
placing plumtrees, 354 
Plambeck, Thane E., 454 
play, 334 

misere, 15, 278, 282, 284, 286, 287, 291, 293, 
312 

normal, 12, 14, 278, 279, 281, 282, 284, 286, 
287, 291, 293, 300, 312 
player 

first, 28-30 
second, 28-30 

playing the averages, 167, 173 
Ploy 

Blue Flower, 199, 201, 240, 242 
Blue .Jungle, 201, 210 
Red Jungle, 210 
plumtrees, 352, 354, 357 
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Poker, 15 
Poker-Nim, 53 

Policy, Temperature, 124, 125, 131, 132 
polyominoes, 139, 142 
position, 14 

active, 149, 150 
ajar, 408-410 
closed, 408-410 
cold, 301, 304-306, 322 
Domineering, 120, 121, 139, 142, 144, 153, 
177 

fickle, 413, 423-424, 429, 432, 444 

firm, 413, 423-425, 429, 432 

fuzzy, 28, 32, 33 

Goldbach, 382 

hot, 149, 304 

loony, 322, 397, 407 

loopy, 389, 408 

AT-, 279, 381-384, 408, 410, 439 
negative, 28-30, 68 
0 , 382, 384, 390-391, 408, 410 
V -, 279, 381-385, 408, 410, 411, 416-417, 
419-424, 426, 431-432, 443 
positive, 28, 68 
starting, 14 

sunny, 397-398, 401-404 
tepid, 306 
terminal 41 
positive 
charge, 263 
house, 38 

house and garden, 33 
positions, 28, 68 
posy, 29, 30, 33 
predecider, 312, 320, 321 
pretending, 421, 439, 445 
Prim, 98, 404, 442 
Principle 

Bogus Nim-heap, 56 
Colon, 191, 193, 194, 220, 355 
Complimenting Move, 405 
Death Leap, 127-130, 135 
Enough Rope, 16 
Fusion, 192-195 
Gift Horse, 72, 77 
Parity, 191, 194 
Star-Shifting, 250, 258 


Translation, 149, 153, 158 
Uppitiness Exchange, 246 
problems, hard, 223, 224 
profit, 161 

profit-consciousness, 171 
program cycle, 316 
projective, 430 

proof, 115, 147, 148, 165, 166, 183, 188, 201, 
212, 213, 216, 217, 220, 221, 224, 236, 240, 
248-250, 256-259, 340, 348-350, 370-373, 
408, 435, 442-443 
Proviso, Endgame, 416-417 
prunning plumtreees, 354 
PSPACE-complete, 224, 226 
PSP ACE-hard, 224 
purchasing contract, 127 
purple mountain, 198, 199 
pursuit, 15, 298 

Quadruple Kayles, 99 

quantity beats quality!, 201 

quarter-infinite board, 284, 292, 293, 312 

quarter-move, 6, 91, 20 

quotation marks = eccentric cases, 231, 232 

rademacher, rado, radon, 371 
rapid join, 286, 289 
rare values, 110-112 
reader, assiduous, 42 

more mathematical, 362 
persevering, 90 
skeptical, 130 
real number line, 24 
rectangles, 25-27, 142, 234, 236 
Red edges, 2, 198, 230, 237 
Red tinted nodes, 48, 204 
Red twig, 213 

Red-Blue Hackenbush, see also Blue- Red 

reduced game, 446 

redwood 

bed, 211, 213, 217, 222 
furniture, 211, 217, 222 
tree, 214-217 
twig, 213, 216 

References, 18, 52, 78, 117, 144, 188, 225, 262, 
298, 377, 412, 454 
reflexion of Nim-values, 109 
Reisch, Stefan, 226 
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Remote Horse, 278, 281, 283 
remtoe star, 230-232, 236, 237, 239, 240, 243- 
251, 258, 259 

Remote Star Test, 246, 248, 249 
remoteness, 173, 279, 281-284, 286, 289, 295, 
315, 317 
even, 279, 282 
horse’s, 281-284, 292 
infinite, 381-382 
Left, 279, 281-283 
misere, 281-284 
normal, 279 
odd, 279, 282 
Right, 279, 281-283 
rules, 279, 281 
replication of nim-values, 98 
resetting the thermostat, 185 
restive, 414, 425-426, 432-438 
restless, 414, 432-435, 443 
reversible moves, 55, 56, 60, 62-64, 66, 70, 71, 
75, 77, 126, 212, 415 
reverting moves, 425 
Right, 2 

boundary, 154-156, 164, 169, 170 
excitable, 158, 159 
remoteness, 279, 281-283 
slant, 158, 159 
stop, 149, 150, 152, 163 
tally, 301, 302, 304, 310, 314, 317 
Rip Van Winkle’s Game = Kayles, 82 
ripening plums, 354 
Rita, 25, 51, 234, 284, 289, 300, 308 
Robertson, Edward, 226 
round the world, 381 
roundabout, 327, 369, 380 
Rule 

Atomic Weight, 242 
Berlekamp’s, 77, 78 
C.A.B.S., 388-393 
Difference, 74, 404 
Downsum Absorbancy, 361 
Flow, 201, 202, 204, 210 
Go-dialects, 16 
Ineqality, 348, 349 
loony addition, 399 
Mex, 56. 418 
Misere Mex, 418 


Misere Nim, 418 
Misere Play, 15, 279, 281, 413 
misere remoteness, 279, 281 
Nim-Addition, 59, 60, 73, 74, 390, 418 
Normal Play, 12, 14, 278, 279 
One-upmanship, 242 
remoteness, 279, 281 
Restricted Translation, 261 
Simplicity, 22, 24, 25, 27, 39, 45, 48, 304, 
305, 307, 314, 317 
Smith’s, 388-389, 392-393 
suspense, 287, 303 
Tally, 304, 305, 315, 316, 326 
Two-ahead, 199, 200, 242, 246, 249 
With, 256, 257 
Without, 256, 257 
Wythoff’s Difference, 74, 404 
ruler function, 98 

Li’s loopy Hackenbush, 344 

saltus, 99, 114, 117, 144, 187 
Sarsfield, Richard, 79 
Saskatchewan landscape, 157 
Sato’s Maya Game = Welter’s Game, 427 
scale, Grundy, 87, 90, 91, 94, 96, 101 
Schaefer, Thomas J., 109, 118, 224, 226, 227 
Schaeffer, Jonathan, 18 
Schaer, Jonathan, 43 
Schuh, Fred, 118 
Scissors-Paper-Stone, 15 
scrap-heap, 391-392 
seasoned campaigner, 164 
Seating Boys and Girls, 132, 133, 179, 261, 310, 
366 

Seating Couples, 44, 45, 95, 132, 133, 261 

Seating Families, 95, 261 

second cousin, 101, 103-105, 107, 109, 114, 116 

second player wins, 28-30 

Select Boys and Girls, 310-311 

selective compound, 299, 300, 302, 312, 396 

selective compound, shortened = severed, 312 

sente, 161, 188 

set 

empty, 82, 399 
subtraction, 84, 86, 442 
variation, 220, 221 
Seven-up, 218, 225 
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severed head, 205, 220, 221, 312 
severed selective compound, 312 
sex, opposite 132, 261 
Shaki, Ahiezer, S., 377 
shatter, 380 

She-Loves-Me-Constantly, e.g., • 51, 101, 103 
She-Loves-Me, She-Loves-Me-Not, 67, 262 
She-Loves-Me, She-Loves-Me-Not, e.g., -05, 109, 
114, 116, 273 
shifting 

by stars, 250, 258 
infinitesimally, 177, 198 
short hot games, 225 
shortened selective = severed, 312 
short-sighted view, 159, 160 
shortlist, 303, 304, 317 
Sibert, William L., 454 

side, 336-337, 340-341, 344-348, 350, 354-356, 
369 

sidling, 338-342, 346, 350, 365, 371-375 
Sidling Theorem, 340, 371-373 
sign, 348-351, 373 
Silber, Robert, 79 
simplest form, 19, 22, 71, 370 
simplest number, 19, 21, 22, 305, 307, 314 
Simplicity Rule, 22, 24, 25, 27, 39, 45, 48, 304, 
305, 307, 314, 316-317 
simplifying games, 60, 62, 63, 75, 77 
singleton, 413 
Sipser, Michael, 224, 226 
Sisyphus, 346-348 

Ski-Jumps, 7, 9-11, 14, 15, 19, 27, 40 
skittles, 81 

slant, right = correct, 163 
slash, 6, 163, 366 
slashes, 130, 163, 366 
sliding jungles, 199, 220, 221 
slipper, 9 

slow horses, 286, 288, 289 
slow join, 286-291, 300, 302 
small, 36, 38, 229-232, 234, 236-240, 242-251, 
253, 254, 256-259, 261, 262 
Smith Theory, 333, 395 
Smith’s Rule, 388-389, 392-393 
Smith, Cedric Austen Bardell, 89, 96, 99, 109, 
117, 118, 278, 298, 312, 388-389, 391-393, 
417, 454 


snakes, 40-42, 240 
Snakes-and-Ladders, 14, 386 
Snort, 47, 145-147, 149-151, 153, 154, 156- 
158, 161, 167, 168, 177, 180-183, 224 
dictionary, 147, 180-183 
lemmas, 180 
Solitaire, 15 
spades, 359 
span-length, 194, 195 
spanning tree of graph, 217, 224 
sparse space, 110-113 
species, 435 

splitting the atom, 234-236 
spoiler, 161 
spot, 145, 146, 391 
Spots and Sprouts, 95 

Sprague-Grundy Theory, 56, 118, 220, 221, 333 
Sprague, Roland Percival, 42, 56, 79, 220, 221, 
333 

Squandering Squares, 254 
Squares Off, 319 
Stability Condition, 363 
stage, 392-395 
stalemate = tie, 14 
stalk, 29, 30 
stalk = stem, 67 
Stalking = -31, 429, 444 
standard form, 101, 103-105, 107-109, 114 
star, 34, 39, 47, 48, 65, 68, 69, 120, 121, 125, 
155, 156, 190, 229, 261 
far, 230-232, 236, 137, 239, 243-251, 258, 
259 

lucky, 246, 249 

remote, 230-232, 236, 237, 239, 240, 243- 
251, 258, 259 
thermorgraph of, 156 
Star-Incentive theorem, 259 
Star-Shifting Principle, 250,258 
starting position, 14 
startling value, 39 
Steingrfmsson, E., 117 
Steinhaus function = remoteness, 279 
Steinhaus, Hugo, 279, 298, 393 
stem, 36, 47, 67, 199, 201, 210, 230, 240, 242 
Stockmeyer, Larry, 224, 226, 227 
stop, Left and Right, 165, 166 
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stopper, 337, 340-341, 351-352, 354, 356-357, 
362, 369-370 

stopping position, 149-153, 156-166 
value, 149, 153, 173 
Storer, James, 224 
strategy, 173, 314 
Goller’s 408 
kite, 243, 244, 246 
stealing, 406 
survival, 371-373 
Swivel Chair, 349 
symmetry, 3, 194 

Thermostatic, 158, 163-167, 183-185, 188, 
225 

Tweedledum and Tweedledee, 2, 3, 35 
winning, 28, 31, 32, 46, 314 
string, Hackenbush, 22, 24, 77, 78, 194, 195, 
329 

structure of periods, 109 

subperiods of nim- values, 109 

subselective compounds, 396 

subtraction game, 84, 86, 87, 98, 395, 430, 442 

subtraction set, 84, 86, 442 

suicider, 312, 317, 320 

eternal, 46 
galvinized, 253 

of games, 31, 120,121, 161, 163, 165, 166, 
220, 277 
of nimbers, 42 
NP-hard, 225 
ordinal, 220 

sunny positions, 397-401, 404 
superheavy atoms, 333 
superstars, 261 
Surreal Numbers, 18 
survival, 348, 371-373, 413 
suspense, 173, 277, 287, 288 

numbers, 286-289, 292, 294, 315, 317 
rules, 287, 303 

Sweets and Nuts, 393-394, 410 
switches, 121-125, 157 
Swivel Chair Strategy, 349 
Sylver Coinage, 15 
symmetry, 51 

T-move, 165, 184 
tails, 396, 402, 404 


Tait, Hilary, 310 
Take-A-Square, 430, 442 
take-and-break games, 81, 82, 84, 86, 97, 89- 
96, 98, 99, 101, 103-105, 107-117 
take-away games, 82, 84, 86, 87, 98, 101 
tally, 300-326 

machine, 308, 316, 318 
rules, 304, 305, 308, 315, 316, 325, 326 
tame, 417, 422-438, 443-446 
tameable, 425, 446 
tardy union, 312 
Tarjan, Robert Endre, 224-226 
tax exemption, 151-155 
temperature, 124, 125, 131, 151-155, 164-173, 
184, 185, 231 
ambient, 164, 165, 188 
critical, 167-171 
policy, 124-125, 131-132 
Tennis, 15 

tentative tally, 306, 310 
tepid component, 326, 327 
tepid game, 308, 316, 327 
tepid position, 306 
tepid work, 316 

terminal position, 2, 7, 28, 41, 416 
Test 

Remote Star, 246, 248, 249 
Uppitiness, 245 
Theorem 

At-leat-one, 258 

Don’t-Break-It-Up, 213, 214, 216 
Half-TEime, 435 
Intermediate Value, 426, 438 
Max-Flow, Mi in-cut, 201, 205, 211 
Noah’s Ark, 423, 432-435, 443 
non-arithmetic periodicity, 115 
Number Avoidance, 147-149, 183 
on simplifying games, 75-77 
Redwood Furniture, 212-214 
Sidling, 340, 371-373 
Simplest Form, 370 
Star-Incentive, 259 

theory, Green Hackenbush, 190-196, 201 
Theory, Smith, 323, 395 
thermal dissociation, 168 
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thermograph, 151-159, 161-166, 168-172, 174, 
176, 358 
compound, 164 
extended, 161, 162 
four-stop, 158, 159 
of oof, 358 

thermographic thicket, 176 
thermographs of star and up, 156 
thermography, 151-174, 176-179, 188, 225, 262 
thermostat, 164, 185 

THERMOSTAT = Thermostatic Strategy, 188, 
225 
thinking 

backwards, 384 
forwards, 384 
laterally, 384, 412 

third cousin, 101, 103-105, 107, 109, 114, 116 
thirteen ’s unlucky!, 420 

Three-Color Hackenbush, see also Hackenbush, 
Hotchpotch 

Three-Finger Morra, 15 
three-quarters, 6, 17 
thumb-twiddling, 405, 

Thursday, Maundy, 26 
Tic-Tac-Toe, 14, 94 
Tie, 14 

time, complete in exponential, 224 
timer, 300,-303, 305-308, 310, 314-318, 322, 
325-327 

tinted, 38, 39, 47-49, 51, 204, 206, 209, 210 
tiny, 353, 357 
tiny, 126, 127, 169, 170 
-a-quarter, 132 
-2, 126 
-x, 126 

tis, tisn, 342, 344, 374 
Toads-and-Frogs, 12, 40, 63-65, 68-70, 72, 75, 
77, 127-132, 134-138, 367-368, 375-376 
toenail, 158 

toll, 300-303, 305-306, 318, 310, 312, 315-321, 
325 

infinite, 312-320, 325-326 
tombstone, 318 
Top Entails, 396 
tracking, 65, 202, 205, 222 
track = path, 202, 225 
Trading Triangles, 254 


trailing, 402, 403 
trains, 402 

transition, phase, 168 
translation 

of four-stop games, 157-158 
by nimbers, 259, 261 
by numbers, 149, 153, 158 
of switches, 123 
travesty, 286 
Treblecross, 113 
TYeblecross = -007, 94, 95 

Australian, 22, 24, 214 
binary, 22, 24 
game, 40 
green, 191-193 
greenwood, 34 
infinite, 332 
redwood, 214-217 
spanning, 217, 224 
with extra twig, 214, 216 
trey, 357 

Triangles, Trading, 254 
triangular numbers, 254 
Triplicate Dawson’s Kayles, 261 
Triplicate Nim,114, 116 
truth, awful, 416 
Tschantz, Steve, 52 
Tsyan-Shizi = Wythoff’s Game, 427 
Thbergen, G. J. van, 384, 412 
Turn-and-Eatcake, 236 
Tweedledum and Tweedledee, 2, 3, 35 
argument, 35, 72 
twig, 192, 193, 196, 213, 216 

pale and pink, 344 
redwood, 213, 214, 216 
Twisted Bynum, 236 
Two- ahead rule, 199, 200 
two and two, 419 
Two-Dimensional Nim, 332-333 

Uiterwijk, J. W. H. M., 144 
ultimate periodicity, 99, 101, 289 
uncertainty, 230 
under, 341, 353 
underlying economy, 151 
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union, 299-302, 304-308, 310-312, 314, 316- 
320, 322, 325-327 
misere partizan, 312 
tardy, 312 
urgent, 312, 316 
units, fickle and firm, 423 
unparted jungles, 210 
unruly, 116 

unrestricted tallies, 314-318 
untinted nodes, 50, 204, 206, 210 
up, 1\ 151, 155, 229, 247, 258 
up-second, 236, 341 
up-onth, 375 
upon, 321, 333, 355 
upon* = delphinium, 341, 344, 353 
uppitiness = atomic weight, 200-202, 204, 206, 
208, 209, 211, 220-222, 225, 230, 232, 234, 
236-240, 242-244, 246, 248, 251, 253, 256, 
258, 259, 261 
uppity, equally, 242, 245 
upset board, 317 
upstart equality, 71 
upsum, 336, 365, 367 
urgent unions, 312, 316 

value, 4-7, 9-12, 17, 19, 20, 22, 24-26, 28, 36, 
38, 39, 43-15 
mast, 152-154, 165, 166 
mean, 149, 151-154, 165, 166, 188 
startling, 39 
value versus average, 10 
values 

Childish Hackenbush, 43, 52 
Col, 38, 39, 50 
common, 110 
Cutcake, 25 

Domineering, 120, 121, 139, 142, 144 
entailed, 397-404 
exceptional, 90-92, 101, 108 
excluded, 111 

Hackenbush, 4-6, 17, 19, 20 
irregular, 90-92, 101, 108 
loopy, 387, 389-391 
Maundy Cake, 26 

nim-, 82, 84, 86, 87, 90-96, 98, 99, 110-117, 
191-195, 230 
non-loopy, 389 
rare, 110-112 
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redwood bed, 216 
regular, 90, 91 
Seating Boys-and-Girls, 133 
Seating Couples, 45 
Ski- Jumps, 9-11, 19 

small, 36, 229-232, 234, 236-240, 242-251, 
253, 254, 256-259, 261, 262 
Snort, 147, 180-183 
switch, 121-125 

Toads-and-FVogs, 12, 131, 134-138 
variations, 94, 310 
variation set, 220, 221 
varieties, 362 
victory, 163 
Vout, Colin, 38 

Walsh, J. L., 52 
waltz -6, 96 

war, cold, 299, 300-302, 304, 306, 307 

warfare, jungle, 210 

warming, 187 

weight, see atomic weight 

Welter’s Game, 427 

West, Julian, 144 

Whist, 275 

White Knight, 56-59, 278 
White, Farmer, 145-147 
whole numbers, 19 

wholeness of Hackenbush Hotchpotch, 251 

width, 164, 184 

wild animals, 430-431 

wild games, 430-431, 434-435, 437-438 

Wilder, Thornton, 414 

Wilson, Neil Y., 118 

win quickly!, 278 

winning post, 395, 411 

Wolfe, David, 18, 142, 144, 188, 224, 225 

wonders, numberless, 119 

lost, 413-414 
small, 229 

worthwhile move, option, 213-216 
Wright House, 372 

Wyt Queens, 59, 60, 74, 402, 427-428 
Wythoff’s Difference Rule, 74, 404 
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Wythoff’s Game, 15, 60, 74, 427 
Wythoff, W. A., 74, 79 
Yamasaki, Yohei, 427, 430, 454 
Yedwab, Laura J„ 188, 224, 227 
Yes!, 53, 112, 348 
Yesha, Y. 224, 226 


zero, 2, 3, 7, 19, 28-30, 33, 41 
zero game, 4 
zero position, 2 
Zieve, Michael, 118 
zigzag, 177 

zoo, Good Child’s, 427 



